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
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

(8) –  3- .
.

 ( ):
 f(x),  3- , 

 ci. . , , ,
, , , 

 f(x).
:  f”(a)=µ1   f”(b)=µ2   S”1(a)=µ1  S”n(b)=µ2⇒(3)-(4) – , 

c0=µ1,   cn=µ2.

4(29.09.04)
3) .

 f(x); x∈[a,b]  f”(a)=f”(b)=0. 
 [a,b].

x0=a    xi=x0+ih   xn=b, b ah
n
−

=  - .

:
Sh(x)  f(x) : S”h(a)=S”h(b)=0  f(x) 

:
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( ) ( )

[ ]
( ) ( )

[ ]
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4

,

3

,

2

,
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max ' '

max " "

hx a b

hx a b
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f x S x Mh

f x S x Mh

f x S x Mh

∈

∈

∈

− ≤

− ≤

− ≤

[ ]
( )

,
max IV

a b
M f

ξ
ξ

∈
=

.
: 1)  f(x)

 f’(x), f”(x) . , 
.

2) :  f(x)
, :

( ) ( ) 6

[ , ]
max 10nx a b

f x S x −

∈
− ≤ , 

.
3) .

, .
, , 

 2- :
[ ]

( ) ( )
[ ]

( ) ( )2

, ,
max max ' 'h hx a b x a b

f x S x Mh f x S x Mh
∈ ∈

− ≤ − ≤

4)  + .
1:

,  (xi,f(xi)), i=0,n,  x0=a,  xn=b 
: f”(a)=0,  f”(b)=0

⇒ , , . 
 S(xi)=fi, i=0,n : S”(a)=S”(b)=0

  2:
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x∈[a,b] x0=b,  i=0,n  xi   K – , 
: S(xi)=fi, i=0,n.

 S(x)∈K, , :

( ) ( )( ) ( )( )22
, " "

b b

a a
S x K S x dx S x dx∀ ∈ ≤∫ ∫ % .  S(x), 

( ) ( )( )2
1 " min

b

a
S x dx →∫

, ,  (1), 
S(xi)=fi, i=0,n .

3.
x∈[a,b], x0=0, xn=b, x: i=0,n   K- , 

: S(xi)=fi,
i=0,n  S”(a)=µ1  S”(b)=µ2.

: S(x)∈K, , ( )( ) ( )( )2 2
( ) " " ,

b b

a a
S x K S x dx S x dx∀ ∈ ≤∫ ∫% . 

 S(x),  (1*) ( )( )2
" min

b

a
S x dx →∫

, ,  (1*)  S(xi)=fi, i=0,n
 ( . , ).

:
1) 2  min ,

, 
,  S”(a)=0, S”(b)=0 , .

2) 3  min 
,  S”(a)=µ1 S”(b)=µ2
3 , 

→ .
 « »: , 

, , 
.

6) .
,  1) , 

; 2) ; 3)  fi i=0,n  S(x) c .
, 0, ,i jf i n i j f= ≠ % , , 

⇒  ai, bi, ci, di, i=1,n.
1)  2) .
3) ,  S(xi)=fi, i=0,n ( ),

: 1) ( )( )2

0
,

n

i
i

f S x δ
=

− ≤∑ δ - , 2)  fi

 2  [xj-1,xj]  [xj,xj+1].
7) .

1)  ( ) – 
.

2)  ( ).
3) , 

.
5. #2. .

,  f 
ψ,  f’ ψ’.

 2 : - ; - , 
.
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, ,
 f(x)   n. 

: ( ) ( ) ( )
0

* ,
n def

s
i i i i

i
f x c f f f x

=

≈ ≡∑  ci – .

#2.1 .
f(x), x∈[a,b] xi, i=0,n –  (n+1 ) fi=f(xi) – n+1 .

 Pn(x)=a0+a1x+…+anxn: (1)           Pn(xi)=fi, i=0,n
:

 (xi,fi), i=0,n  xi≠xj
, :

( ) ( )

( ) ( ) ( )( ) ( )
( ) ( ) ( )( ) ( )

0

0 1 1 1

0 1 1 1

,

... ...
... ...

n

n in i
i

i i n
in

i i i i i i i n

P x L x f

x x x x x x x x x x
L

x x x x x x x x x x

=

+ +

− +

=

− ⋅ − ⋅ ⋅ − − −
=

− ⋅ − ⋅ ⋅ − − −

∑

n+1 ⇒  n.
: +  Lin(x) –  n,  1/

Lin(xj)=0,  i≠j   Lin(xi)=1, . .
Pn(x) –  n, .

( ) ( ) ( )
0

n

n j in j i jn j j j
i

P x L x f L x f f
=

= = =∑ ⇒  (2)  (1).

:  Pn(x)  Qn(x)  Pn(x)≠Qn(x).
 Rn=Pn(x)-Qn(x) –  n.

Rn(xi)=Pn(xi)-Qn(xi)=0 ,  Rn  n+1 ⇒ Rn(x)≡0  Pn(x) –
.

:
xi 0 1 2
fi 0 0 7 i=0,2

( )( )
( )( )2

0 1
( ) 7

2 0 2 1
x x

P x
− −

=
− −

:
xi 0 1 2
fi 0 -1 0 ( ) ( )( )

( )( ) ( )2

0 2€€ 1
1 0 1 2
x x

P x
− −

= −
− −

:
xi 0 1 2
fi 5 0 0 ( ) ( )( )

( )( )2

€ 1 2€€ 5
0 1 0 2
x x

P x
− −

= ⋅
− −

:
xi 0 1 2
fi 5 -1 7 ( ) ( ) ( ) ( )2 22 2P x P x P x P x= + +

 (2) .
 ( ).

f(x), x0,…,xn; Pn(x) –  (xi,fi) i=0,n
-  Pn(x)  [a,b] ⇒

.
-  Pn(x)  [a,b] ⇒

.

 f(x). 
.

Pn(x)

 x0 x1 x2  xn-1 xn x

Pn(x)

f(x)

x0 xn
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, 
 ( ).

:
 rn(x)=f(x)-Pn(x).

:
.

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1
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1 !

n
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f
r x x x x x x x x x a x a x

n
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ω ω ξ
+
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1

1 !
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r x f x P x x
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ω
+

= − =
+
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:  (1),  (2) , 

 (3).
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 Pn
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0 0

n n
s s

n in i n in i
i i

P x L x f P x L x f
= =

= =∑ ∑
( ) ( ) ( ) ( )( ) ( ) ( )

* **0 0
,

n n
s s s

n in i i i i inx x xx xi i
P x L x f c f c L x

= == =

= ⋅ = ⋅ =∑ ∑ - , 

,  f.
:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )* * *s s s s s s
n n n n n nf x P x r x f x P x r x f x P x r x= + = + = +

:
: ( ) ( ) ( ) ( )* *s s

nf x P x− = Ψ

( ) ( ) ( )
( )

( )
( ) ( )( ) ( ) ( )1

*

1* 5
1

s
s n

n s x x

dr x f x x
n dx

ξ ω+

=
 Ψ ≡ =  +

 ( , )

:
1)  (4)  (5) –

.
2) .

:
f(x)  Pn(x),  f –  n.

.
 f(x)~Pn(x),  f(s)(x)~Pn

(s)(x)  -   n 
 n, 

 (4) .
: x0, x1, x2, x3 ⇒P3(x)

3)  n- ,  0.
4)  n+1  Pn(x) 

 s.  l  , 
  ,  l, 

,  l+1 , 
.
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6 (13.10.04) #2.3. 
.

f(s)(x*)~Pn
(s)(x)|x=x*   (1)

1) : ( )
1

, 2
n

i i i
i

c f
=

−∑
2) :

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( )

( ) ( ) ( )

*

1

* 3

4
1 !

s s
n x x

ns

s

f x P x

f xd x
ndx

ξ
ω

=

+

Ψ = −

 
 Ψ =
 + 

: f’(xi)  xi,xi+1  2   P1(xi)=fi,  P2(xi+1)=fi

( ) ( )
( )

( )
( ) ( )1 1

1 1
1 1

5i i
i i

i i i i

x x x x
P x f f

x x x x
+ +

+
+ +

− −
= +

− −
( ) ( ) 1 1

1
1 1

' ~ ' i i i i
i i

i i i i

f f f ff x P x
x x x x

+ +

+ +

− −
= =

− −

 h=xi+1-xi, ( ) ( )1' ~ 6i i
i

f f
f x

h
+ −

 - 

.
-

:
1

1
0 1

1 0

1 1;
n

i i
i i i j j

i j

f fc f f c c c
h h h

+
+

= =

− −
= ⇒ = =∑ ∑

-  (6)
 f(x) , 
 (xi,fi), (xi+1,fi+1).  f’(xi) 

 f(x) 
 xi.

 f’(xi)  P’n(xi). , 

.
- , .  f’  xi  xi

 xi+1.
 2. f’(xi) : xi-1, xi   P1(xi-1)=fi-1, P1(xi)=fi

( ) ( )
( )

( )
( ) ( )1

1 1
1 1

6i i
i i

i i i i

x x x x
P x f f

x x x x
−

−
− −

− −
= ⋅ +

− −
( ) ( ) 1

1 1
1

' ~ ' ,
i

i i
i i ix

i i

f ff x P x h x x
x x

−
−

−

−
= = −

−

: ( ) ( )1' ~ 8i i
i

f f
f x

h
−−

- 

.
: f’(xi)  xi-1,xi, xi+1 –  P2(x): P2(xi-1)=fi-1, P2(xi)=fi, P2(xi+1)=fi+1

P2(x)=
f’(xi)~P’2(x)|xi=

, . xi-xi-1=xi+1-xi=h, ( ) ( )1 1' ~ 10
2

i i
i

f ff x
h

+ −−
- 

.
1

1 1
1 0 1

1

1 1, 0
2 2 2

i i
j i j

j

f f c f c c c
h h h

+ −
+ −

=−

− −
= = = =∑

 4. f”(xi)    xi-1,xi,xi+1,   P2(x)→P2(xi-1)=fi-1, P2(xi)=fi,  P2(xi+1)=fi+1
P2(x)- , . (9) f”(xi)~P2”(x)|xi=

 xi xi+1

fi

fi+1

tgα
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,  xi-xi-1=xi+1-xi=h

( ) ( ) 1 1
2

2
11 " ~ i i i

i
f f f

f x
h

+ −− +
- .

:
x 1 3 5
f 6 5 9 ( ) 2

9 2 5 6" 3
2

f − ⋅ +
=

f”(xi-1)~P”2(x)|x=xi-1,  P2(x) ,  P2(xi+j)=fi+j, j=-1,0,1
2- ⇒  xi-1

 xi.
:

1 1 1 1 1 1
2

2
2

i i i i i i i i i
x xx x x

f f f f f f f f ff f f f
h h h h

+ − + − + −− − − − +
= = = =&

.

. f’(xi) 1i i
x

f ff
h

+ −
=

f’(xi)-fx Ψ.

Ψ ! ( )1 12i i
x

f ff
h

+ −
= , 

.
, 

 f.  fi ,i iif f δ= +  fi+1 - 11 iif δ ++ + .
,  h  |δi|<δ. :

1 1 1 1i i i i i i i if f f f
h h h h

δ δ δ δ+ + + +− − − −
= + −

.

: ( )1 2 13i i

h h
δ δ δ+ −

≤

. , δi+1=δ δi=-δ.
:  (13) , .

, 
.
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7(20.10.04).
.

f(s)(x)   x0,…,xn –    Pn(x) , : Pn(xi)=fi, i=0,n.
( ) ( )

* 0

n
s

n i ix x i
P x c f

= =

= −∑  f(s)(x*).

: ( ) ( )
0

*
n

s
i i

i
f x c f

=

Ψ = − ∑
( ) ( )( )
( ) ( )

1

*
1 !

ns

s

x x

f xd x
ndx

ξ
ω

+

=

 
 Ψ = −

+  
, . ξ ).

, 

: ( ) 1
1,i i

x i ii

f ff h x x
h

+
+

−
= = − , :

( ) ( ) ( )
0

1' ' i i
i x ii

f ff x f f x
h

+ −
Ψ = − = − =

 f, 
, .  fi+1  fi  xi .

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) [ ] ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) [ ]

2 1
1

20

1

3 ' " ... , , . .
2 ! 1 !

1' ' " ;
2!

4 ' " , ,
2

n n
n n

i
i i i

i x i ii

h h hf x h f x f x h f x f f x x h
n n

f hf x f x f x h f
h h

hf x f f x x

ξ ξ

ξ

ξ ξ

+
+

+

+ = + + + + + ∈ + −
+

 
= + − + + 

 

Ψ = − = − ∈

- , 
.

.

( ) ( ) ( ) ( )15 ' , max "
2i x if x f M h M f ξ− ≤ ⋅ = ,  f , ξ∈[xi,xi+1]

xi – % %, 0h h h< > ⇒ .
.

 (4)  f”(ξ)  xi :

( ) ( ) %( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2" " ''' " 0 " 0 6 "
2 2i i i i i
h hf f x f x f x h f x h f xξ ξ ξ= + ⋅ − = + Ψ = − + − −

  1 .

1.  (6) ( ) 1' ,i i
i

f ff x
h

+ −
Ψ = −

 fi+1  xi  f’’’(ξ).
.

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

21

21

' ~ , " 0 1
2

' ~ , " 0 1
2

i i
i x ii

i i
i ix i

f f hf x f f x h
h

f f hf x f f x h
h

+

−

−
= Ψ = − +

−
= Ψ = +
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( ) ( )

( ) ( )

1 1

1 1
2

' ~ , ... 2
2

2
" ~ , ... 2

i i
i x i

i i i
i xx

f f
f x f

h
f f f

f x f
h

+ −

+ −

−
= Ψ =

− +
= Ψ =

&

.

. , 
, 

.

( ) ( ) 1 1
2

2
" ,i i i

i x x i

f f ff x f
h

+ −− +
→ = Ψ  2- .

( ) $( ) 1 1
1 21

2
" ,i i i

i x x i

f f ff x f
h

+ −
− −

− +
→ = Ψ  1 .

, ).
.

. ).
:

( ) ( ) 1' ~ i i
i x i

f ff x f
h

+ −
= − ( ) 1i i

x i

f f
f

h
+ −

= − , .

( ) ( ) 1 1, . . ,x i ix i iii
f f f f f fδ δ+ +≠ − ≤ − ≤   δ.

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( )
5

.7.

2' ' 7i i x xx xi ii i
f x f f x f f f M h

h
δ

− Ψ −

− ≤ − + − ≤ +
1442443 1442443

 h, 

.

.

#3 
.
:

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )1 2

0 0
1

0 1 0,1

d duk x q x u x f x q x k x c
dx dx
u u xµ µ

  ⋅ − = − ≥ ≥ >  
 

 = = ∈
u(x) –  ( ).  ( ) 
k(x)≥ >0 – ; q(x) ≥0 – 

 f( ) – 
 ( : ),  q(x)=0 ⇒

.  q(x)>0 – .

: ( ) ( ) ( )
.

q x u x xθ
 
 ⋅ − −
 
 

.  q(x)≠0⇒f(x) 

 q(x), θ(x), .

Mh

h

2
h
δ

0
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µ1 µ2. 
 (1) : k(x), q(x), f(x). ξ.

 2- .
 (1) 

.

( ) ( ) ( )
0 0

lim lim 2
x x

u u x u u x u u
ξ ξ

+ − + −

→ + → −
= = =

( ) ( )
def dux k x

dx
ω = − − . ( ) ( ) ( )

0 0
lim lim 2*

x x
x x

ξ ξ
ω ω ω ω ω ω+ − + −

→ + → −
= = =

 (1) :

 k, q, f ,  (1) 
(2), (2*) , . 

 u(x) .
 k, q  f ,  (1) 

 (2), (2*) , . 
 (1) 

.

: 0 1 1/ 2
1

1 1,..., , , , 0,
2i ix x h x ih i n x i h

n +
=

 = = = = + 
 

 ui, i=0,n –  (1) .
 vi –  (1) .

( )
( ) ( )

( ) ( )

1 / 2

1 1
1/ 212 2
1/ 2

0 1 2

1/ 2

14 , 1, 1

3
1, , 5 , 1, 1

i

i

i

i

x

ii i i i
xi i i i i
x

n i
x

d q x dx i nv v v v ha a d v
h h

v v f x dx i n
h

ϕ

µ µ ϕ

+

+ −
−+

+

−

= = −− − − − = −

 = = = = −

∫

∫

( ) ( )
1

1
16 , 1,

i

i

x

i
x

dxa i n
h k x

−

−
 

= = 
  

∫
 (3) , ai, ϕi, di – .

8.
 u(x):

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( )

1 2

1 0 0

0 1 2

2*
def

d duk x q x u x f x k x c q x
dx dx
u u

u u
dux k x
dx

µ µ

ω ω

ω

+ − + −

   − = − ≥ > ≥   
 = =


= =

 = −


x

f
f1(x)

f2(x)

x

q

q1(x) q2(x)

ξ x

k

k1(x)
k2(x)

ξ
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:  xi=ih,  i=0,n    h=1/n (x0=0, xn=1)
 xi+1/2=(i+1/2)h, i=1,n-1;  v=(v0, v1, …, vn) 

. :

( )

( ) ( )

1 1
12 2

0 1 2

, 1, 1
3

,

, 1, ; , 1, 1; , 1, 1 4 , 5 , (6)

i i i i
i i i i i

n

i i i

v v v va a d v i n
h h

v v

a i n d i n i n

ϕ

µ µ

ϕ

+ −
+

− − − − = − = −

 = =
= = − = − −

 (3) .
:

, 
.

. k(x), q(x), f(x) ⇒ ai, di ϕi – .
, 

 k(x), q(x), f(x).

:
( ) ( )

( ) ( )
( ) [ ]

" 5

0 0 1 100

, 0,1

u x u x

u u

u x x

 − = −


= =
 ∈

k(x)≡1,  q(x) ≡1,  f(x) ≡5
1 / 2 1 / 2

1 / 2 1 / 2

1

1 1
2 2

0

5, 1, 1 1 1 51 1 5 5
0 100

1 1 1
1

i i

i i

i

i

x xi i i i
i

i i
x x

n

x

i
i x

v v v v v i n h hd dx dxh h
h h h hv v

dx h a
a h h

ϕ
+ +

− −

−

+ −− − − − = − = − = = = = = ≡
 = =

= = ⇒ ≡

∫ ∫

∫
#3: 3.1 , , .

 1 ( );  2 ( )
3.2. .
3.3. .
3.4. .
3.5. , .
3.6. .

  2.
3.7.  (  (3) 

).
3.9. , 

.
3.10.  « » .

 (1),(2) .
.

( )
( ) ( ) ( )

1 1 1
12 2 2

0 1 2

, 1, 1
7

, , , , 4 , 5 , 6

i i i i
i i i i i

n i i i

v a a va v d a i n
h h h

v v a d

ϕ

µ µ ϕ

− + +
+

 + − + + = − = −  
 

 = =
 v=(v0,…,vn)∈Rn c 3- ,

: 1
2 , 1, 1 1, 0i i

i
a a

d i n n
h

++ − + = − = 
 

, 

: 1
2

ia
h

+ , : 2
ia

h
.
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.
:

 (1) k(x), q(x), f(x) – ⇒  f(x)
 (7) .

:
.

( ) ( ) ( )
1 / 2

1 / 2 1
0

1 1
2 2 2

1 1 10 0 0 0, 1,

1, 1

i i

i i

x x

i i
ix x

i i i i
i

dxd q x dx k x c a i n
h a h f x

a a a a
d i n

h h h

+

− −
≥

+ +

= ≥ = > ≥ > ⇒ > =

+
+ ≥ + − = −

∫ ∫

 v0=µ1, vn=µ2 – .
.

:
 ui –  (1) ,  vi – 

 (3) –(6) .
, 

 z=(zi): zi=ui-vi,   i=0,n
 ||z||, 

0,
max ii n

z z
=

= ,

( )2
0

,
n

i
i

z z z z z
=

= = ∑
:

 k(x), q(x), f(x) ⇒
(3)-(6) :
% % 2

0,
( .), max ii n

n n n z Mh
=

∃ ∀ > ≤ − ,  h=1/n – 

, -  h, n – .
:

  k(x), q(x), f(x) ,  (3)-(6)
 (1), :

% % 2

0,
( .), max ii n

n n n z Mh
=

∃ ∀ > ≤ −

.
 ai, di, ϕi .

( )
1 / 2

1 / 2

1 , 1, 1
i

i

x

i
x

d q x dx i n
h

+

−

= = −∫
ξ-(.) 

- ( )
1 / 2

1 / 2

1/ 2 2
1 i

i

x

i i
x

x d q x dx
h

ξ
+

−

−≤ ⇒ = ∫

- ( )
1 / 2

1 / 2

1/ 2 1
1 i

i

x

i i
x

x d q x dx
h

ξ
+

−

+≥ ⇒ = ∫

- ξ∈(xi-1/2, xi+1/2)⇒ ( ) ( )
1 / 2

1/ 2

1 2
1 i

i

x

i
x

d q x dx q x dx
h

ξ

ξ

+

−

 
= +  

 
∫ ∫

:

( )
1 / 2

1/ 2

1 , 1, 1
i

i

x

i
x

f x dx i n
h

ϕ
+

−

= = −∫

x

q

q1(x) q2(x)

ξ
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( ) ( ) ( )

( ) ( ) ( )

1 1 1

1

1
2 1

1
1 2

1 1 1 1 1 1, 1, ;

1 1,

i i i

i i i

i

i

x x x

i i
i i ix x x

x

i i
i x

dx dx dxi n x
a h k x a h k x a h k x

dx dxx x
a h k x k x

ξ

ξ

ξ ξ

ξ

− − −

−

−

−

= = ≤ ⇒ = ≥ ⇒ =

 
∈ ⇒ = +  

 

∫ ∫ ∫

∫ ∫

9 (3.11.04) 
, .

:

( ) ( )

( ) ( ) ( ) ( )
1/ 2 1 / 2

1/ 2 1 / 2 1

1 1
1 2 2

0 1 2

1

1, 1 1, 1 1,

, 1, 1

, , , , 4 6

1 1 1, ,
i i i

i i i

i i i i
i i i i i

n i i i

x x x

i i i
i n i n i nx x x

v v v va a d v i n
h h

v v a d

dxf x dx d q x dx a
h h h k x

ϕ

µ µ ϕ

ϕ
+ +

− − −

+ −
+

−

= − = − =

− − − − = − = −

 = = −

= = =∫ ∫ ∫
⇒

, .
:

 (3)-(6),  ai, di, ϕi

, ,i i ia d ϕ , , :

( )2 2 2
1 2 3, 1, , 1, 1 , 1, 1 ~i i i i i ia a M h i n d d M h i n M h i nϕ ϕ− ≤ = − ≤ = − − ≤ = −

1, 2, 3 –  h, . % % % ( )0, , ~n n N n n∃ > ∈ ∀ > .

, ,i i ia d ϕ
 (1)  2 .

. .
, . 

.
.

( ) ( ) ( ) ( )
2

b

a

f a f b
f x dx b a

+
= −∫

( ) ( )~
2

b

a

a bf x dx f b a+  − 
 ∫

.
.

. 

1,
i

i n
a
=

1

1

2 i i

i i

k k
k k

−

−+
1/ 2ik −

1, 1
i

i n
d

= −

1/ 2 1/2

2
i iq q+ −+

iq

1, 1
i

i n
ϕ

= −

1/2 1/ 2

2
i if f+ −+

if

,  [xi-1,xi] :

 a (a+b)/2 b x

f(x)

 a (a+b)/2 b x

f(x)
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( ) ( )
( ) ( ) ( )

1 1

1

1
1

1

1

1

1 1

1 1
1 1 1~

2 2

21 1 1~
2

i i

i i

x x i i
i i ix x

i i

i i
i

i i i i

k x k xdx dx ha x x
h k x k x k k

k kha
h k k k k

− −

−

−
−

−

−

−

− −

+
   

= ⋅ − = +       

  
⋅ + =    +  

∫ ∫

 [xi-1/2,xi+1/2] – .

( ) ( )( ) ( )1 / 2

1 / 2
1/ 2 1 / 2

1 1~i

i

x

i i i i ix
d q x dx q x x x q x

h h
+

−
+ −= − =∫

, 

, 
.

.
 (3)-

(6),  (3), (8).
 (1) , , .
 (1) ⇒ , 

.
, 2

0,
max i ii n

u v Mh
=

− ≤  - .

 h→0 , ,   
 (10000 , ).

2-  (« »),  (1) 
 (3)  ( ), .

0,
max 0i ii n

h u v
=

∀ − = .

 (3), , ( )0 1, ,..., nv v v v% . 

0,
max i ii n

u v
=

− .

( ) ( ) ( ) ( ) ( ) ( ) ( )21 0 0; 1 0; " 2 1 2 11u x x x u u u u x x x x= − = = − = − − = − − −

:

( ) ( )21 1
2 2

0

2
12

0 0

i i i i
i i i

n

v v v v
v x x

h h
v v

+ −− − − − = − − −

 = =

 (11)  (12) .
2- , 

. 
, .

u(x) –  (1) – ,  n,  vi, i=0,n.  2n,  v2i,
i=0,2n  v  v2 . 20,

max 2i ii n
v v

=
− − , ,  (1)

.
: , 

, . u(x) –  (1), v(x) – 
 n, v2(x) – 

 2n.
2

2 2 2
2 2 20, 0, 0, 0,

max 2 max max 2 , . . max 2
2i i i i i i i ii n i n i n i n

hv v v u u v Mh M Mh v v Mh
= = = =

 − ≤ − + − ≤ + = − ≤ 
 

 xi-1/2 ξ xi+1/2
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.  (1), 
 0 . .

3- :
20,

max 2i ii n
v v

=
− .

: ?
1) xi=ih, i=0,n; x0=0,  xn=1    
2) xi=xi-1+h ⇒  xn≠1, .

10 (10.11.04).
.

1)  (1030,10200)
2) ,  ( ) (

).
3) , .

1. ⇒ .  2. ⇒ .
3. ⇒ .

, .
.

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) [ ]

1 2

0

0 1 0

, 0,1

d duk x q x u x f x k x c
dx dx
u u q x

u uu x x

µ µ

ω ω

+ −

+ −

   − = − ≥ > 
 

 = = ≥


= ∈ − =

:
( ) ( ) ( )

( ) ( ) ( ) ( )
[ ]

( )2

,

~ , :
2

, max '
2

b b

a a

b b

a a x a b

b af x g x dx f g x dx

b af x g x dx f g x dx M b a M f x C
∈

+ 
 
 

+ − ≤ − = ⋅ 
 

∫ ∫

∫ ∫

( ) ( ) ( ) ( ) ( )
1 / 2 1 / 2

1 / 2 1 / 2

2 2
1/ 2 1/ 2

i i

i i

x x

i i i
x x

f x g x dx f x g x dx M x x Mh
+ +

− −

+ −− ≤ ⋅ − =∫ ∫
↑ ↑.

 (1) :
x0=0, xn=1, xi=ih, h=1/n, i=0,n
xi+1/2=(i+1/2)h, i=0,n-1.

 [xi-1/2,xi+1/2] i=1,n-1.

( ) ( ) ( ) ( ) ( )
1 / 2 1 / 2 1 / 2

1 / 2 1 / 2 1 / 2

0 13
i i i

i i i

x x x

x x x

I II III

d duk x dx u x q x dx f x dx
dx dx

+ + +

− − −

   − + =  
  

∫ ∫ ∫

-  [xi-1/2,xi+1/2]

( ) ( ) ( )
1 / 2 1 / 2

12 12

1/ 2 1/ 2 0 14
i i

i i

x x

i i i
x x

u q x dx f x dxω ω
+ +

− −

+ −− + − + =∫ ∫ - ,  Mh2.

0=x0 x1/2 x1 … xn-1 xn-1/2 xn=1
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( ) ( )
( )

1 / 2 1 / 2

1 / 2 12

1/ 2 1/ 2 0, 1, 1

15
1 1,

i i

i i

i i
i i i

x x

i i
x x

u d i n
h

d q x dx f x dx
h h

ω ω
ϕ

ϕ
+ +

− −

+ −− + − + = = −


= =∫ ∫
- , 

 n-1,  ui, i=0,n  ωi+1/2, i=1,n-1

ω  (15): ( ) ( ) ( ) ( )
( )

xd dux k x u x
dx dx k x

ω
ω = − ⇒ = −

( )
( ) ( )

1 1 1

1 1/ 2

i i i

i i i

x x x

i i i
x x x

xdu dxdx u u dx
dx k x k x

ω
ω

− − −

−

− −

   = − − ≈ −       
∫ ∫ ∫

( )

( ) ( ) ( )
1

1

11 1
1/ 2 1/ 2

1, 1

1 16
1

i

i
i

i

x
i i i i

i i i ix
x

i n

x

u u u udxa a
h k x hdx h

h k x

ω ω
−

−

−− −
− −

= −

− −
= − = ⇒ = −

 
  
 

∫
∫

.
 (16)  (15):

( )
1 1

12 2

0 1 2

0, 1, 1
17

i i i i
i i i i i

n

u u u u
a a d u i n

h h
u u

ϕ

µ µ

+ −
+

− − − − + = = −

 = =

,  (17) 

 v: ( ) ( )

( ) ( ) ( ) ( )
1/ 2 1 / 2

1/ 2 1 / 2 1

1 1
1 2 2

0 1 2

1

1, 1 1, 1 1,

, 1, 1

, , , , 4 6

1 1 1, ,
i i i

i i i

i i i i
i i i i i

n i i i

x x x

i i i
i n i n i nx x x

v v v va a d v i n
h h

v v a d

dxf x dx d q x dx a
h h h k x

ϕ

µ µ ϕ

ϕ
+ +

− − −

+ −
+

−

= − = − =

− − − − = − = −

 = = −

= = =∫ ∫ ∫
.  (3)-(6) 

:
1.  [xi-1/2,xi+1/2] c  Mh2

2.  [xi-1/2,xi+1/2] , i=1,n-1, . 
[x1/2,xn-1/2],  h→0 [x1/2,xn-1/2]→[0,1]

, , !)
 (1):

( ) ( )( ) ( ) ( ) ( ) ( )' ' ' ' "k x u x k x u x k x u x= + -  (  xi)

( )1 1 1 1
2

2
19i i i i i i i

i
k k u u u u uk

h h h
+ + + −− − − −

+    (1)  (.) xi:

( ) ( )
1 2

19 , 1, 1
20 i i i

o n

q u f i n
u uµ µ

− = − = −


= =
-  (1), 

.  (1) k, q  f – , 
 h2  h3. ⇒

.
.

ωi+1/2 ωi-1/2

IIxi-1/2 xi+1/2

 III
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:
[ ]

( ) ( )
( )

" 5, 0,1
1*

0 5 1 100

u u x

u u

 − = ∈


= =
  .

xi=ih, i=0,n,  h=1/n.
1 1

2

0

2
5, 1, 1

0 100

i i i
i

n

v v v
v i n

h
v v

+ −− + − = = −

 = =

 z=(z0,…,zn): zi=ui-vi,  i=0,n.

: ψ=(ψ0,…,ψn) – .
: ax=b  r=ax-b  (x- )

 5 =3  7 =9
1) r=5x-3=5⋅9/7-3=24/7
2) r=5x-3=5x-3+(7x-9)=12x-12=24/7
3) r=5x-3=5x-3-100*(7x-9)=24/7

 (1*)  (3*)-(6*) :
0 0 00 0 0

100 100n n n

v u
v u

ψ
ψ

= − = − =
= − = −

( ) ( )( )

( ) ( ) ( )

1 1 1 1 1 1
2 2 2

0

2

2 2 2
5 5 5 " 5

" , 1, 1
12

i i i i i i i i i
i i i i i i

IV

ix x i

v v v u u u u u u
v u u u x u x

h h h

u
u u x h i n

ψ

ξ

+ − + − + −

≡

− + − + − +
= − − = − − = − − − − − =

= − = = −

144424443

, ψ  0.
,  (3*)  k, 

% %
0,

, : max k
ii n

n N n n Mhψ
=

∃ ∈ ∀ > ≤ , k – .

, 
( ) 2

12

IVu
h

ξ
,  2.

, . 
 2 :

1) ;
2)  fi  vi

.
11.

 (
).

( )
( ) ( ) ( )

( ) ( )
( ) [ ]

( ) ( ) ( ) ( ) ( )

1 2

1 1
2

0

0 1 2

" 11* ?, 0,1 : , 0,
0 1

2
, 1, 1

3* 1* ,..., 3*

i

i i i
i i

n

n

u x u x f x
u x x x ih i n h

nu u

v v v
v f i n

u x v v vh
v v

µ µ

µ µ

+ −

− = − = ∈ = = =
= =

− + − = − = − − = −
 = =

 (1*)  (3*) : z- ψ- 
z=(z0,…,zn), zi=ui-vi, i=0,n ψ=(ψ0,…,ψn)      z-
ψ -  (10.11)  0  h→0.

 z ψ: 0 0 1 0 0 0 2

def def def def

n n n n nu u v z u u v zψ µ ψ µ= − = − = = − = − =
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( ) ( ) ( )

11

1 1 1 11 1
2 2

22
;

i ii z zz

def
i i i i i ii i i

i i i i i

u v u v u vu u u
u f u v

h h
ψ

−+

+ + − −+ − − − − + −− +
= − + = − −

( )
0 0

1 1
2

, ,
4* , 1, 12

n n

i i i
i i

z z
i nz z z

z
h

ψ ψ

ψ+ −

= =
 = −− +

− =
 z –  (4*), 

 (3*), ψ.
, 

, .
.

,  (4*) :
( )

0,
max maxi ii n

I z K ψ
=

≤ ⋅ ,  –  ( .  h)

( )
0,

max k
ii n

II M hψ
=

≤ ⋅ , M –  h,  (II)  (I):

( )
0,

max k
ii n

III z KMh
=

≤ ,  – .

 (III) 
 k. ( )

0,
max 0 0i ii n

u v
=

− → →

.
 1:

 (I), , .
 2:

 (II), , 
   k.

:

. 
 k , 

. ( )
1) ,  (I)  (II) .

2)
0, 0,

max . max
def def

i ii n i n
z z ψ ψ

∞ ∞= =
= − =

 (I)  (II) 
 z ψ, .

( )1 2
0

,
n

i
i

z z ψ ψ ψ
=

= =∑
,  (3*)  (1*).

( )
0,

max maxi ii n
I z K ψ

=
≤ ⋅  - , ( )

0,
max k

ii n
II M hψ

=
≤ ⋅ , M –  h, (II) 

, 
[ ]

( )
0,1

1max
12

IVM u
ξ

ξ
∈

= ⋅ .  (II)  (I)⇒ 2

0,
max ii n

z Mk h
=

≤ ⋅ .

, ,  (3*)  (1*)
 2 .

 (I):
0, 0,

max maxi ii n i n
z K ψ

= =
≤ ⋅ .

 (3*).  (4*):
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( )
0 0

1 12 2 2

0 0
4** 1 2 11

n n

i i i i

z z

z z z
h h h

ψ ψ

ψ− +

= = = =

    − + + =       

, ,  3-

: 1 2 1 2 2 2 2

1 2 10; 0; ; 1; ;i i i i iA B C
h h h

µ µ χ χ ϕ ψ= = = = = = + = = −

 (4**)  z ψ.
:

1. : 1 1 1 10 0α χ β µ= = = =

( )1 11, 1: ; 5i i i i
i i

i i i i i i

B Ai n
C A C A

ϕ β
α β

α α+ +

+
= − = =

− −

2. : ( )2 2
1 1 1

2

0 , 1,0 6
1

n
n i i i i

n

z z z i nχ β µ
α β

χ α + + +

− −
= = = + = −

−
:

1 22 2 2
0 0

1 1 20; 0; 1 0; 1; 1i i i i iA B C A B
h h h

χ χ
= =

= ≥ = ≥ = + > + > < <  - 

.
⇒  |αi|≤1, i=1,n

 z βi:

{1 1 1 1 1 2 2 1 1 1
0* *

0; ... ...n i i i i i i i i i n n n iz z z z z zα β β β β β β β+ + + + + + + + − +
=

= ≤ ⋅ + ≤ + ≤ + + ≤ ≤ + + + +
14243

( )
0, 1,1

max max 7
n

i j ji n i nj
z nβ β

= ==

≤ ≤ ⋅∑     β ψ,  (5):

( ) ( )

2
22 2

1 2 2

0 00 02 2

2 2 2 2
1 1 1 1

0 1

1 1
2

2 1 1 1 1 11

...

i i i
i i i i

i
i i i i i

i

i

i i i i i i j
j

hA hh h
C A h h

h h

h h h h

ψ β βϕ β ψ
β

α α αα

β ψ β ψ ψ β β ψ

+

> >> >

+ − −
= =

− + ⋅+ −
= = = + −

− + − + + − + + − 
 

≤ + ≤ + + ≤ ≤ + ∑

: ( ) ( )
1

2 2
1 1,1 1

8 ; max 9
i n

i j j lj nj l

h hβ ψ β ψ
−

+ =
= =

≤ ≤∑ ∑
 (7)  (9):

( )
1

2

0, 1, 1, 1 1, 11
max max 1 max max

n

i j l l li n j n l n l nl
z n nh h nβ ψ ψ ψ

−

= = = − = −
=

≤ ⋅ ≤ ≤ − ≤∑
:

0, 1, 1
max maxi li n l n

z ψ
= = −

≤ .  (I) , =1. .

:
 (3*)  (1*) :

[ ]
( ) ( )

2

0, 0,1
max max 10

12
IV

i ii n

hu v u
ξ

ξ
= ∈

− ≤

,  (3) 
(1).

.
-  (1900- )
-  (1930- )
-  (1960- )   II .
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12.
#5. 

 2-
.

:
1.  ( ).
2.  ( , , ).
3. 3.
4. , ψ.
5.  (

).
6. . , 

, .
7. .
8. :

a. ;
b. ;
c. .

#6: .
.

( )
1 1

11 1
2 2

1

1 , , det 0, *n

n

m mn
n n

Ax b x R A x

x b
a a

x b
x b A

a a
x b

= ∈ ≠ −

   
    
    = = =     
      

   

K

M O M
M M

L

:
,  (1), , 

* 
 ( , ).

:
: (0)  {X(s)}, s=1,2,…

, 
 (1).
, s * .

:
, (0)

 x(s) *: ( ) *lim 0s

s
x x

→∞
− = .

 3- :

( )2 11, 1
, , max

n

i ii n i
x x x x x x x

∞ =
=

= = = ∑
⇒

, 
, .

(0) – , (s) s=1,2,… - ; ( ) ( )1
def

s s
s x xε −= −

 s.  –Nmax.
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- ( ) ( )1
1

s sx x ε−− ≤ , : «

( ) ( )1
2

def
s sx xε −= − ,   s ».

-  (2) ,  Nmax ⇒

, : « ( ) ( )1
2

def
s sx xε −= − . 

».
(s) .

( ) *sx x− → .

r*=Ax*-b – ,  r(s)=Ax(s)-b –  x(s) .
( ) 0sr ≈ - , ( )sr , .

: Ax=b, x∈Rn, detA ≠0 (1). 
:

a) : , 1,ii ij
i j

a a i n
≠

> ∀ =∑
b) :
c) A>0 – : ∀h∈Rn, h≠0 (Ah,h)>0 (3)

:
I) ,
II) .  (?) .

 (1) , :

{ { : 0
TT T

A b

A A x A b Ax b A A A= → = = >
%

% - .

, , , 
.

.
:

 (1) , 
.

:
 (1) , 

 – , , >0.
:

 (1) ,
>0 ω∈(0,2).

:
A=L+D+R
L, D, R – , .

:
1 2 3 1 0 0 0 0 0 0 2 3
4 5 6 0 5 0 , 4 0 0 , 0 0 6
7 8 9 0 0 9 7 8 0 0 0 0

A D L R
       
       = ⇒ = = =       
       
       

: Dx(s+1)=-(Lx(s)+Rx(s)-b)   (5)
: (L+D)x(s+1)=-Rx(s)+b (6)

: (D+ωL)(x(s+1)-x(s))/ω+Ax(s)=b (7)
.

3
 u(x,y)=?   x∈[a,b],  y∈[c,d]

D
R

L
A=
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: 0 0, 0, , ; ; ; , 0, ; , ;i n j m
b a d cx ih a i n h x a x b y jk c j m k y c y d

n m
− −

= + = = = = = + = = = =

, 0, ; 0,iju i n j m= = - 
, 0, ; 0,ijv i n j m= = - .

 vij – , .
 v , 

⇒  v={vij}  v(s)={vij
(s)}.

 vij
(s) , ( ) ( )? ?s sv u v v− = − =

13.
(n,m) – ;  (xi,yj) – ; (i,j) – .

 – , : ( ) { }, , 0, ; 0,iju x y u i n j m= = = ,  uij

.
 (1) : ( ) { }, , 0, ; 0,ijv x y v i n j m= = =  - 
. 

 2- .
:

 u(x,y) ,  :

( )
[ ]
[ ]

( ) ( )( )
2 2

12 21 2

0, ,
20, ,

1max ; max , , , .
4 12

IV IV
ij ij xxxx yyyyi n x a b

j m y c dk

l b al l
u v M h k M u x y u x y

l d c= ∈
= ∈

= −+
− ≤ + =

= −

0 ,
0

lim max 0ij ijn i j
k

u v
→
→

− =

.
 vij. 

 (n,m),  ((n-1)(m-1))×((n-1)(m-1)). 
, 

.
   n×n  n3 . 

.
:

.
:

.
.

:
( ) ( ) ( ){ }0 0, , 0, ; 0,ijv x y v i n j m= = = -  v(x,y).

ε  Nmax. 
( ) ( ) ( ){ }, , 1, 2,...s s

ijv x y v s= = .  v(s)

:  s+1≥Nmax, ( ) ( )1max s s
ij ijij

v v ε−− ≤ .

 v(s)  v(x,y)~v(s)(x,y),  u(x,y) ~ v(s)(x,y).
1) : u(x,y) ,  v(s)(x,y)  (n,m),  v2(s)(x,y) 

 (2n,2m) .
2) 1: u(x,y)- , u(x,y)≠v(x,y) (

).
( )

,
max s

ij iji j
u v−
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3) 2: u(x,y) – , u(x,y)=v(x,y). ( )
,

max s
ij iji j

u v− . 

, .

 – 1 : % ( ) 6

,
max 0.5 10

s
ij ij

i j
u v ε −− ≤ = ⋅%

% iju -  uij ,
( )s
ijv% - 

.
,  (n,m),

 (v(0)),  ( ),  (ε1  Nmax).
:

% ( ) % ( ) ( ) ( )

% ( )

1

, ,

. .. . . . .

, , ,
. .

max max

max max max

s ss s
ij ij ij ijij ij ij ij ij iji j i j

s
ij ij ij ij ij iji j i j i j

u v u u u v v v v v

u u u v v v
ε ω

− = − + − + − + − ≤

≤ − + − + −

% %

6447448 6447448
( ) ( ) ( )

. . .

,
, .

max 3
ss

ijiji j
v v ε+ − ≤

64474486447448
%

ω , ε1 – .
 (3)  v(0), ε, ω,  n  m , 

(3) ε/4 .

,
max ij iji j

u v ε− ≤ ⇒ , ⇒

⇒
.

, .
: .

:
-61.     1      0.5 10

1 
2.           ( )

3.      
2   4.                

 ⋅



5.            







.

( ) [ ]
[ ]

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2

2 2

1 3 2 4

0,1
,

0,1

0, ,0 1, ,1

xu uu f x y u
yx y

u y y u x x u y y u x xµ µ µ µ

 ∈∂ ∂
∆ = − ∆ = + ∈∂ ∂

 = = = =
.

u(x,y) –  (x,y)
 (µ1, µ2, µ3, µ4) 

 f(x,y).
: u(x,y) – , 

µi.

 f.
xi=ih, i=0,n;  h=1/n;  yj=jk,  j=0,m; k=1/m
(xi,yj) – 
• - , × - , Θ - .

µ .

u(x,y)

x

yµ1(y)

µ2(y)

µ3(x)

µ4(x)

0

1

1

 x0 x1 x2 x3 x4 x5 x
n=5  m=5

y
y5

y4

y3

y2

y1

y0

(5,1)

(1,4)

(x2,y2)
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14.
xi±1=xi±h   yj±1=yj±k

 u(x,y)

( ) ( ) ( ) ( )1 1 1 1
2 2

2 2
5 6

def def
i j ij i j ij ij ij

x x y yij ij

u u u u u u
u u

h k
− + − +− + − +

= =

:
 u(x,y) – ,  (5), (6)  uxx|xi;yj, uyy|xi;yj

 h  k .

( ) ( ) ( ) ( )2 20 0i i
j j

x x x xxx yyx x y yijy y ijy y
u u h u u k= =

= =
= + = +

:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) [ ]
2

1 1
1 12

2
, , , " , ,

12

def
i i i IV

j i i i

x x x hu x y x u x y x x x
h

ϕ ϕ ϕ
ϕ ϕ ϕ ξ ξ+ −

− +

− +
= = + ∈

: ( ) ( ) ( ) ( ) 1 11 1
2 2

22
" ;i

j

i j ij i ji i i
x xi xx y y

u u ux x x
x u

h h
ϕ ϕ ϕ

ϕ + −+ −
=
=

− +− +
= =

( ) [ ] ( ) ( ) ( )

( )

2 2
1 1

1 1 2

2
1 1

1 12

2
, , ; " 7

12 12
2

8 , ,
12

i
jj j

i i
j

i j ij i jIV IV IV
x xx xxxxx i i i xx xxxx
y yy y y y

ij ij ij IV
x x x xyy yyyy j j
y y y

u u uh hu x x x u u
h

u u u ku u y y
k

ξ ξ

ζ

ϕ ξ ξ ϕ ξ

ζ

+ −
== =− +
== =

+ −
= = − +
= =

− +
= ∈ = = +

− +
 = + ∈  

.

( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) 1,2,3,4

1 2 3 4

, ; 0,1 ; 0,1
1 , ?, ,

0, ; 1, ; ,0 ; ,1
xx yyu u f x y x y

u x y f
u y y u y y u x x u x x

µ
µ µ µ µ

+ = − ∈ ∈ = −
= = = =

xi=ih,  h=1/n, i=0,n;    yj=jk,  k=1/m,  j=0,m.
.

, :

( ) ( )
( ) ( )

1 1 1 1
2 2

0 1 1 0 3 3

2 2 4 4

2 2
0, ; 0,

( )9

0, 0,

i j ij i j ij ij ij
ij

j j j i i i

nj j j im i i

u u u u u u
f i n j m

h h
u y u x

u y u x

j m i n

µ µ µ µ

µ µ µ µ

+ + + −− + − +
+ = − = =


 = = = =
 = = = =
 = =

 xi, yj .
, 

, 
 j=0,m – j=1,m-1;  i=0,n – i=1,n-1.

 (9)  u  v.

( )
( ) ( )

0 1 0 3 2 4

1, 1; 1, 1;
10

; ; ;

ijx x y yij ij

j j i i nj j im i

v v f i n j m

v v v vµ µ µ µ

 + = − = − = −


= = = =
uij –  (1) ;  vij –  (10)

:
 (1) ,  (10)

 2-  h  k.

(xi-1,yj) (xi,yj)(xi+1,yj)
 h  h

(xi,yj+1)

(xi,yj-1)

k

k
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 (1),  (10): zij=uij-vij; i=0,n;  j=0,m.
ψ - : ψij – ,  ij, 

 (1).  i=1,n-1; j=1,m-1 ( ):

( ) ( ) ( )( ) ( ) ( ) ( )

( ) [ ]

( )( ) ( )

2 2

1 1 1 1

2 2

, ( , ) ,

, ( , ), , ; ,
12 12

1 , ( , ) 11
12

i
j

x xij ij xx yy xx i j yy i jx x y y x x y yij ijij ijy y

IV IV
xxxx j yyyy i i i j j

IV IV
ij xxxx j yyyy i

u u f u u f x y u u x y u u x y

h ku y u x x x y y

h u y k u x

ψ

ξ ζ ξ ζ

ψ ξ ζ

=
=

− + − +

= + + − + + = − + − =

 = − − ∈ ∈  

⇒ = − +

: 0 0 1 00 1, 1; 0; 0; 0
def

j j j nj i imu j mψ µ ψ ψ ψ= − = = − = = =  - 
.

:

( )
( )
( )

( ) ( ){ }2 2

0, 0,1
0, 0,1

1max , max , , ,
12

IV IV
ij xxxx yyyyi n x

j m y

h k M M u x y u x yψ
= ∈
= ∈

≤ + = −

, .
.

 (10)  (5*5).
 (1)  vij, 

.
 (n,m) :

( ) ( ) ( )1 1
11 21 11 12 22 12 1 1 2 1 1 1, ,..., , , ,..., ,..., , ,..., n m

n n m m n mv v v v v v v v v v R − ⋅ −
− − − − − −= ∈

 (n-1)(m-1)×(n-1)(m-1).

2
11

2

1 1
2 2 2

1 1 1
2 2 2

1 1
2 2

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 0 00 0

1
10 0 0 02

0 0
3 0 0 0 0
4 0 0 0 0 0

5
6

* 0
7
8
9

10
0 *

11
12
13
14

0 0 *
15
16

k
h

h h

h h k

h k

A

A
k

A

A

V V

V V

V
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2 2

2 2A
h k

 = − + 
 

,  – .  –

.  (*)  3-x 
,  (v) – .

. .
15.

( ) [ ]
[ ]

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2

2 2

1 3 2 4

0,1
,

0,1

0, ,0 1, ,1

xu uu f x y u
yx y

u y y u x x u y y u x xµ µ µ µ

 ∈∂ ∂
∆ = − ∆ = + ∈∂ ∂

 = = = =

(1)

: xi=ih,  i=0,n  h=1/n;  yj=jk,  j=0,m  k=1/m
u={uij}-   v={vij}- .

( )
( ) ( )

0 1 0 3 2 4

1, 1; 1, 1;
10

; ; ;

ijx x y yij ij

j j i i nj j im i

v v f i n j m

v v v vµ µ µ µ

 + = − = − = −


= = = =
:

 (10) 
( )11 21 11 12 22 12 1 1 2 1 1 1, ,..., , , ,..., ,..., , ,...,n n m m n mv v v v v v v v v v− − − − − −=  ( )

(m-1)(m-1) ,  (n-1)(n-1). 
, , , .

:

(*)=

2

2 2

2

2

1 0 0

1 1 0

10 0

10 0 0

A
h

A
h h

A
h

A
h

 
 
 
 
 
 
 
 
 
 
 
 
 

L

K

L

M M M O M

;  (V)=

2

2

2

1 0 0

10 0

10 0

k

k

k

 
 
 
 
 
 
 
 
 
 

L

L

M M O M

L

2 2

2 2A
h k

 = − + 
 

.  (10)  5×5 , ( , 

). ,  (10): ,
 v11:

21

11 21 12 01 10 11 21 12 11 11 312 2 2 2 2 2 2 2 2 2 2 2
11

1 1 1 1 1 1 1 1 1 1 1 12 2 2v v v v v v v v f
h k h k h k h k h k h kµ µ

µ µ
= =

   − − + + + + = − + + + = − − −   
   

 1- . (  v22)
: Av=F (11)

:
: - Av=-F (12) – , , 

, ω∈(0,2).
: : 1. - ; 2.  – ; 3.  – 

; 4. ⇒ ;
5.  – ⇒ -  – ; 6. 

. ( ).
,  –  – .

1)  – .
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2) ,  – .
,h kΩ - , ; ,h kγ  ( ); ωh,k – .

(xi,yj) –  – , 
,  (i,j).

 (xi,yj)∈ωh,k, ij={(xi,yj), (xi±1,yj±1)},  (xi,yj)∈γh,k,  (10) ij={(xi,yj)}.

 (xi,yj): ( )' \ ,
def

ij ij i jx y= .  (xi,yj)∈γh,k ⇒ ’ij=∅.
 2 :

1) (xi,yj)∈ωh,k ’ij .
2) (xi,yj)∈ωh,k ’ij .

’22={(1,2),(2,1),(3,2),(2,3)}    ’11={(1,0),(0,1),(1,2),(2,1)}
, , ., .

(13) ,  Av=0 –  v=0.
⇒  (i,j),  vij≠0:

1, 1
1, 1

max , 0 ( , ),ij iji n
j m

v c c i j v c
= −
= −

= > ∃ =

:
1.  (13) , . ∀i,j  vij=c>0.
2.  (13) , . ∃(ij)  vij=c>0 ∃(i*j*)

vi*j*<c.
1)  5×5.

11 21 122 2 2 2 2 2

1 1 1 1 1 12 0; 0 0
c c

v v v c c
h k h k h k= =

   − + + + = − + = ⇒ =   
   

⇒  (13) .
2) ,  (i,j) ,  vij=c>0 ’ij :

1 1 1 12 2 2 2 2 2

1 1 1 1 1 12 0ij i j i j ij ij
c c c c c

v v v v v
h k h h k k− + + −

= ≤ ≤ ≤ ≤

 − + + + + + = 
 

,  vi-1j:

( ) ( ) ( )1 1 12 2 2 2
0 0 0

1 1 1 1 0ij i j ij ij ij ij ij
c

v v v v v v v
h h k k+ + −

=≥ ≥ ≥

− − − − − − − < , .

,  (13) 
, .

 (13) 
•.

 (i,j) ,  vij=c>0 ’ij
,  vij  (10) :

1 1 1 12 2 2 2

1 1 1 1 0ij i j ij i j ij ij ij ij
c c c c c c c c

v v v v v v v v
h h k k− + − +

= ≤ = ≤ = ≤ = ≤

       
− − − − − − − − =       

       
’ij v=c  vi’j’=c, (i',j’)∈ ’ij.  5×5  4 

. ,  (2,3), . v23=c. 
,  v13=v33=v22=v24=c>0. ’13 ⇒

 (1,3).  (13) 
.

 2:
, 

.

16. >0:
:
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⇒
 ( ).

:
>0, ∀h≠0  (Ah,h)>0.

:
>0) ⇒ (  >0)

: λ- , v – : Av=λv.  v:
(Av,v)=(λv,v)=λ(v,v)>0, λ>0 – .

:
 –  > 0) ⇒ (A>0)

: ⇒∃v1,…,vn ( ) 
λ1,…,λn ∀h≠0 :

1
, 0.

n

i i i
i

h vα α
=

= ∃ ≠∑ ( )
1 1 1 1

, , ,
n n n n

i i i i i i i i i
i i i i

Ah h A v v v vα α λ α α
= = = =

   
= = =   

   
∑ ∑ ∑ ∑

( )2

0 01
, 0, . . 0

n

i i i i i
i

v vλ α α
> ≥=

= > ∃ ≠∑ ⇒ (Ah,h)>0

.

( )
( ) [ ]

[ ]
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2

2 2

1 3 2 4

0,1
,

0,11
0, ,0 1, ,1

xu uu f x y u
yx y

u y y u x x u y y u x xµ µ µ µ

 ∈∂ ∂
∆ = − ∆ = + ∈∂ ∂

 = = = =

( ) ( ) ( )1 1 1 12 2 2 2

0 1 2 0 3 4

1 1 1 12
10

; ; ;

ij i j i j ij ij ij

j j nj j i i im i

v v v v v f
h k h k

v v v vµ µ µ µ

− + − +

  − + + + + + = −  
 

 = = = =
(11) Av=F.

, . 
:

2 2

1 12A
h k

 = − + 
 

:

2 2 2 2

2 2 2 2

1 1 2 1; ;

1 2 2 2;

h k h k

h k h k

+ +

+ +

2. detA≠0,  0 
3. ⇒  <0.
4. –A –  (- ) = (- ) , det(-A) ≠0 ⇒ ⇒
⇒(- )=(- ) >0.
5. .

.
Ax=b, x∈Rn.

11 1 1 1

1

n

m mn n n

a a x b

a a x b

    
    =    
    
    

K

M O M M M

L

( ) ( ) ( )( )0 0 0
1 ,..., nx x x= − .

A
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( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1
11 1 12 2 1 1

1 1
22 2 21 1 23 3 2 2

1 1 1
1 1 1 1 1 1

1 1 1
1 1 1 1

...

...

...

... ...

...

...

s s s
n n

s s s s
n n

s s s s s
jj n j jj jj jj j jn n j

s s s
nn n n nn n n

a x a x a x b

a x a x a x a x b

a x a x a x a x a x b

a x a x a x b

+

+ +

+ + +
− − + +

+ + +
− −

 = − + + +

 = − + + + +



= − + + + + + +




= − + + +

,  s+1>Nmax
( ) ( )1

1max s s
j jx x ε−− <

 (10) :
:  j=1,m-1   v(0)

0j←µ1j,  v(0)
nj←µ2j

 i=1,n-1   v(0)
i0←µ3i,  v(0)

im←µ4i

 j=1,m-1   i=1,n-1  v(0)
ij←0  ( )

//  v(0)={v(0)
ij}, i=0,n;  j=0,m:

//  v(0)
10=…   v(0)

0m=…    v(0)
n0=…    v(0)

nm=…
 s  s+1:

 j=1,m-1   v(s)
0j←µ1j,  v(s)

nj←µ2j

 i=1,n-1   v(s)
i0←µ3i,  v(s)

im←µ4i
: v(s)

10=…   v(s)
0m=…    v(s)

n0=…    v(s)
nm=…

( )

( )

( ) ( ) ( ) ( )1 1
1 1 1 12 2 2 21

2 2

1, 1
14 1, 1

1 1 1 1

1 12

s s s s
ij i j ij i j

s
ij

j m
i n

v v v v
k h k hv

h k

+ +
− − + +

+





 = −
 = −


+ + +
 =

  +   
:  (10)  (14). ( . Av=F – )

1)  (xi,yj) , ’ij ⇒  (xi,yj)
.  (14) .

2)  (xi,yj) , ’ij : ( ,  (x1,y1))

( ) ( ) ( ) ( ) ( ) ( )1 1 1
11 22 21 11 01 102 2 2 2 2 2

1 1 1 1 1 114 2 s s s s sv v v f v v
h k h k h k

+ + + + − − = + + 
 

:
v[i][j], i=0,n; j=0,m – .

:
 j=1,m-1,  v[0][j]=mu1(jk)    v[n][j]=mu2(jk)
 i=1,n-1,   v[i][0]=mu3(ih)    v[i][m]=mu4(ih)
 j=1,m-1        i=1,n-1    v[i][j]=0 ( )

s=0; do while (s<Nmax)
 j=1,m-1    i=1,n-1

[ ][ ]
[ ][ ] [ ][ ]( ) [ ][ ] [ ][ ]( ) ( )2 2

2 2

1 11 1 1 1 ,

1 12

v i j v i j v i j v i j f ih jk
h kv i j

h k

− + + + − + + +
=

 + 
 
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