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17. #5.5** 
.

u(x,y)=?
[ ] [ ]

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

3 1

4 2

( , ) , , ,

, ,

, ,

u f x y x a b y c d

u a y y u x c x

u b y y u x d x

µ µ

µ µ

= − ∈ ∈

= =

= =
: xi=a+ih, h=(b-a)/n;    yj=b+jk,  k=(d-a)/m    (xi,yj) – 

v={vij}, i=0,n;  j=0,m  -   u={uij},  i=0,n; j=0,m -  (1)

( ) ( )
0 3 4 0 1 2

1, 1 1, 1ijx x y yij ij

j j nj j i i im i

v v f i n j m

v v v vµ µ µ µ

+ = − = − = −

= = = =
 v 

( )( ) ( )1 1
11 21 11 12 22 12 1 1 2 1 1 1, , ,..., , , ,..., ,..., , ,...,n m

n n m m n mv R v v v v v v v v v v− −
− − − − − −∈ =

 5×5 – ( .  – . 2)

( )( )2 2

1 12 .15 11 .A Av F
h k

 = − + = → − − + 
 

,  detA≠0, A=AT, A<0 Av F− = −
 (- >0).

.
:

 (  (1) ) ⇒ (  (2) 
 (1)  2-  h  k , .:

( ) ( )2 2

0,
0,

5 max ,ij iji n
j m

u v K h k
=
=

− ≤ + −

: 1) ; 2)  (5).
#5.5**.1 .

 (xi,yj): (i,j) – . , , 
: (3,2)={(2,2),(2±1,2),(2,2±1)}

’(i,j)= (i,j)/(xi,yj) –  (i,j)  ’(2,2)= {(2±1,2),(2,2±1)}
:

, , .
(0,1)={(0,1)},  ’(0,1)=∅

:
I- : .
II- : .

: (x2,y2) –  1- .
(x1,y1) –  2- , . (1,1)={(1,1),(1±1,1),(1,1±1)} ’(1,1)={ (1±1,1),(1,1±1)}

,  5 :

2 2 2 2

1 1 1 1, , , ,A
h h k k

.  

 u .
: ( )( ) ( )1 1 3n mv R − −∈ − . 0v ≥ ,  vij≥0

( )( ) ( )1 1n m

ij
A v R Av− −⋅ ∈ − Av .

Av ≥0 , ( ) 0, 1, 1; 1, 1
ij

Av i n j m≥ = − = −
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:
 (n,m) .,  (

( )( ) ( )1 1 0) 0n mv R Av v− −∈ ≥ ⇒ ≤

: ( )
1, 1
1, 1

max iji n
j m

c v
= −
= −

= .  (l,s) , 

: ( )
1, 1
1, 1

maxls iji n
j m

v v c
= −
= −

= = .

>0, :
1) vls  -  2-
2) vls  -  1- .

 1:  vls=v11  (5,5), 

( ) ( ) ( )11 21 12 21 11 12 11 11 112 2 2 2 2 211
0 0

0

1 1 1 1 1 1 0Av Av v v v v v v v v
h k h k h k

≤ ≤
>

 = + + = − + − − + < 
 14243 14243
1442443

(Av)11<0, 0Av− ≥ ⇒
2- .

 2:  vls –  1- : ( ) 1 1 1 12 2 2 2

1 1 1 1
ls l s l s ls lslsAv Av v v v v

h h k k+ − + −= + + + + =

( ) ( ) ( ) ( )1 1 1 12 2 2 2

1 1 1 1 0l s ls l s ls ls ls ls lsv v v v v v v v
h h k k+ − + −= − + − + − + − ≤

( ) 0
ls

Av⇒ ≤ , ( ) ( )0; 0
ls ls

Av Av≥ ⇒ = ⇒   :

 1- , 
,  v : 1, 1ls l s lsv v v± ±= = .

 1:  (l,s) 
 (l,s)  2- ) ⇒ .

 (l,s)  1- . 

: ( ) ( ) ( ) ( )
{1 2

. .1 .
. .2 .

, , , , , ,..., , tl s i j i j i j
−

−
1442443

.

, ( ) ( ) ( ) ( )( ) ( ) ( )( )1 2 1 1, ' , , , ' , ,..., , ' ,t ti j l s i j i j i j i j
−

∈ ∈ ∈ .

( ) ( ) ( ), 1 , 2 ,, , ,...,ls i j i j i j tv c v c v c v c= = = = - .

 1:
, ( ) ( ) ( ) ( )0 0 , 0 0Av v Av v≥ ⇒ ≤ ≤ ⇒ ≥

 2: detA≠0
: ( )0 *Av = ( ) ( ){ }0 0; 0 0 0Av v Av v v≥ ⇒ ≤ ≤ ⇒ ≥ =

 3:
Av F= .  F≥0⇒ v - v ≤0.

:
, , 

, 
:

(l,s) – ’(l,s)≠∅  (l’,s’) – 
(i,j)1, (i,j)2,…, (i,j)t – 
(i,j)1∈ ’(l,s), (i,j)2∈ ’((i,j)2),…   (l’,s’)∈ ’((i,j)t)
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.
18.

.
 (1)  (2).

u={uij}, i=0,n;  j=0,m  -  (1) .
v={vij}, i=0,n;  j=0,m  -  (2) .
z={zij}, i=0,n;  j=0,m  - 

.
def

ij ij ijz u v= −

ψ={ψij}, i=0,n;  j=0,m  -  (1)  (2).
def

ijψ =  i,j, , 
 (1).

1, 1
1, 1

0 0 1 2 00 0 0 0

ij i n
j m

j j j nj nj j i imu u

ψ

ψ µ ψ µ ψ ψ

= −
= −

=

= − = = − = = =
:

( )
[ ]
[ ]

( ) ( )
4 4

2 2 2 2
4 40, , 0,

0, 0,,

16 max max , max
12ij iji n x a b i n

j m j my c d

M

u u h k M h k
x y

ψ ψ
= ∈ =
= =∈

=

 ∂ ∂
≤ + ⇒ ≤ + 

∂ ∂ 
144424443

 z ψ:

( ) ( ) ( )

( )0 0

0 0

1, 1; 1, 1

. . : 0, 0 7

0, 0

ijx x y yij ij

j j nj nj

i i im im

z z i n j m

z z

z z

ψ

ψ ψ

ψ ψ

 + = = − = −

 = = = =
 = = = =

: ,  (7), 
 (7). , 

,  (7).
 |zij|≤?  .  z ψ ψ.

( )2 2

, 0
0ij ij h k

z M M M h kψ
→

≤ ≤ + → :

( ) ( )( ) ( ) ( )( ),
4

def Kz x y x a b x y c d y= − − + − −% ( )2 2
def

K M h k= + ,  (6).

 1: ∈[a,b]; y∈[c,d]⇒ ( ), 0z x y ≥%

 2: K≥|ψij|,  i=0,n;   j=0,m.
 3: , z%  (

[a,b]×[a,b].

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0

8 , , 0
4

, , 0
4

z K
Kz a y z b y y c d y

Kz x c z x d x a b x


 = − ≤

 = = − − ≥

 = = − − ≥

%

% %

% %

 4:  [a,b]×[a,b] z%
:
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( )

( ) ( )
( )( )

( )( )

0

0

z z 0 1, 1; 1, 1

9 z z 0 1, 1
4

z z 0 1, 1
4

x x y y
ij ij

j nj j j

i im i i

K i n j m

K y c d y j m

K x a d x i n

 + = − ≤ = − = −

 = = − − ≥ = −

 = = − − ≥ = −

% %

% %

% %

: z% (x,y) –  2-  x  y ⇒
.

:  (9)  (7), .
|ψij|≤K.  (7)  (9) 

.  (7)  (9) 
 (n-1)(m-1) .

(7*) z : z =F1. (9*) z% : A z% =F2. z ∈R(n-1)(m-1),
z% ∈R(n-1)(m-1) – .

z% z% :
( ) ( ) ( ) ( )1 2 1 210 11A z z F F A z z F F+ = + − = −% %

 (7*)  5×5:

( )

11 11

21 21

44 44

7 *

z
z

A
z

ψ
ψ

ψ

    
    
     × =
    
    

     

M M

 (9*)  5×5:

( )

1 1
11 10 012 2

21

44

...9*

...

h k
z K z z

z K

Kz

   − − ⋅ − 
    
   − +  × =    
         − +  

% % %

%

M M
%

⇒  (9*)  ( ) .
 (10), (11):

( )A z z±%  R(n-1)(m-1) ( )( )
ls

A z z±% - 

- ( )( ) 0ls
ls

A z z Kψ± = ± − ≤ −%  2.

-  (l,s) –  2- , 

( )( ) . . .
0

... 0ls
ls

A z z Kψ
≤

± = ± − − ≤%
14243

:

( ) ( ) ( ), : 0 12l s A z z∀ ± ≤%

z z±% ≥0.  (11) ( )z z−% .
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( )
0 0 1

13
0

z z z z
z z z z z

z z z z

 + ≥ ≥ − ≥ − −⇒ ⇒ − ≤ ≤ ⇒ ≤
− ≥ ≤

% % %
% % %

% %
, 

 z z% , 
:

0, 1, 1 1, 1 . . 0
0, 1, 1 1, 1

, 1, 1; 1, 1; max max maxij ijij ij iji n i n i n z
j m j m j m

z z i n j m z z z
= = − = − ≥
= = − = −

≤ = − = − ≤ ≤ =
%

% %

( ) ( ) ( ) ( )( ) ( )

( ) ( )( )( ) ( )

2 22 2
2 2

1, 1
1, 1

2 2 2 2

0,
0,

max
4 4 4 16

max 14
16

iji n
j m

iji n
j m

K

M b a d cb a d cKz h k

Mz b a d c h k

= −
= −

=
=

=

− + − − −
 = ≤ + = + ⇒
 
 

⇒ = − + − +
14444244443

⇒  2 .
 (14) –  (5)  ( .15).

1. :  (14) :

: f(x)=(x-a)(b-x).   , 
[ ]

( ) ( )22

,
max

2 2 4x a b

b aa b b af x f
∈

−+ −   = = =   
   

2. : : 
, ,  z .  (14)  2- :

1) .
2) , 

, 
, ε, . (
.)

3. :  (14) , 
0,
0,

max iji n
j m

ψ
=
=

 (6)

:
[ ]
[ ]

[ ]
[ ]

4 4
2 2

4 40, , ,
0, , ,

1max max max
12iji n x a b x a b

j m y a b y a b

u uh k
x y

ψ
= ∈ ∈
= ∈ ∈

 ∂ ∂ ≤ +
 ∂ ∂
 

19. #5.6 .
1. .
2. .
3. .
4. .

1. .
(1) Ax=b,  x∈R(n),   A=AT>0; λi(A), i=1,n –  A.

, λi>0, i=1,n
1 2 10 ... n nλ λ λ λ−< ≤ ≤ ≤ ≤ − ; ( ) ( )1 1, 1,

min ; maxi n ii n i n
A Aλ λ λ λ

= =
= =

: ( )
1

def
nA λ

µ µ
λ

= = − , 

.
* -  (1).

:
( ) ( )1

( )
s s

s
s

s

x xB Ax b
τ

+ −
+ = ; x(0) – ;

: Bs – ; τs – .
 x(s)~xs – .
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.
:

, , .
2.  ( ).

: 1s sx x Ax b
τ

+ −
+ = (3)

:
 A=AT>0 τ∈(0,2/λn),  (3)  x* (∀x0)

: ( )
1

2 4
n

τ
λ λ

=
+

:
 A=AT>0,  (3)  (4)

: ( )( ) 0* *
s

s Ax x x xϕ µ− ≤ − , ϕ(µ ) – 
: ϕ(µ )∈(0,1).

: ( )( ) ( )0

0 0,

* * 5
s

s A

s

s x x x xϕ µ
→ → →∞

→ ∞ − ≤ −
14243 14243

. 

, . ; * - ,  (5) 
.

3. .
>1 : τ0, τ1,…, τ -1 (  – )

τs , . τs
.

( )
( )

1

1 1

16 , 0, 1
cos 1 2

2 2 2

s s
s s

n ns

x x
Ax b s K

s
K

τ
λ λ λ λ πτ

+ −
+ = = = −

+ −  + + 
 

0 – .τ0 1, τ1→ 2,…,τ -1→ . 
: x0new=xK; . τ0  x1new=xK+1; . τ1  x2new=xK+2

. .
0,  ,…

1,…, ; +1,…, ; . 
, 2 3, , ,..., *,K K K jKx x x x x j→ → ∞

:
. :  A=AT>0;  K>1. 

, ,n Tx R A A∀ ∈ ∀ = , A , 

: ( ) ( ) ( )1 ,i nA A Aλ λ λ∈    , 

: ( )( ) ( ) ( ) ( )0* 2 * 7 , 0,1
K

K A Ax x x xϕ µ ϕ µ−− ≤ ⋅ − ∈

 (7) : ( )( ) 0

00,

* 2 *
jK

jK A

j

x x x xϕ µ
→→ →∞

− ≤ ⋅ −
1424314243

 (6), 0 A
λi( A )∈[λ1,λn] , . , 

.  (
).

4. .
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1s s
s

s

x x Ax b
τ

+ −
+ = , τs , ,  xs:

( )
( ) ( )

,
, 10

,

def
s s

s s s
s s

Ar r
r Ax b

Ar Ar
τ = = − −  (1)  xs

:
 A=AT>0,  ||xs-x*||≤µ (ϕ (µ ))s||x0-x*|| (9), ϕ(µ )∈(0,1)

 (9) . 
.

5. .
 (1) : ( ) ( ) ( ), , min

nx R
F x Ax x z b x

∈
= − →

x0  -  xs –  s; r0=Ax0-b; rs=Axs-b
: ( )0 1 0 0 0 0 0 0 0 0, , ,n nx R x x h h R h r Ax bα α∀ ∈ = + ∈ − − = − = − −

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

0 0 0 0
0 1

0 0 0 0

1 1

1

1 1

, ,
; , ,

, ,
, ,

, , ,
, , ,

n
s s s s s s

s s s s s s s

s s s s s s
s s

s s s s s s

r h Ax b h
x x h h R

Ah h Ah h
h r h r Ax b h

Ah r r h Ax b h
Ah h Ah h Ah h

α α α

β

β α

+

− −

−

− −

−
= = = + − ∈ −

= − + = − −

−
= = =

xs+1  rs+1  hs-1,  xs (
).

.
1) .
2) , .

:
 A=AT>0, ∀x0∈Rn, 0 – *, ∃ ∈{1,2,…,n},  = * - 

. (  – )
 3. :

 A=AT>0, ∀x0∈Rn ∀s=0,1,…,n-1 : ( )( ) 0* * ,
s

s AA Ax x x xϕ µ− ≤ −

( ),
def

AA Ax x= − , ,  xn=x* - .
.

,  xs=x*,  rs=Axs-b=0⇒βs=0, → hs=-rs+βshs-1=0;  xs+1=xs+αshs=xs.
αs  hs=0, αs=…/(Ahs,hs)=1/0 ( ).

, ,
 rs≠0.  rs=0 ⇒ xs=x* - .

 xs≈x*,  rs≈0  hs, βs≈0 .
 rs ,  xs : xs+1=x1new+α0h0new.

20. #6 , , , .
1)  A=AT>0.
2) .
3) , 

.
4) : ( )( ) 0 *

s
s Ax x x xα ϕ µ− ≤ ⋅ −

5) µ →∞, ϕ(µ )→1. µ >>1, .
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6) ϕ α  #7.
7)  – , 

τs ( ).
3.

: ( )*Av F= , v - 
.

: A=AT<0.
: ( )**Av F− = − , , , ,

. (-A)=(-A)T>0.
: λij – :

( ) 2 2
2 2

4 4sin sin , 1, 1; 1, 1
2 2ij

i jA i n j m
h mh k

π π
λ    = + = − = −   

   

: ( )( ) ( )( ) 1 1
min 11 max 1 1

11

min ; max ; n m
ij ij n m AA A λ

λ λ λ λ λ λ µ
λ
− −

− −= − = = − = =

: (n,m) – ,  n→∞, m→∞, µ(-A)→∞.
: : x∈[0,1], y∈[0,1]. C  n=m.  h=k=1/n.

( ) ( )
2

2 2 2 2 2
min max2 2 2

18 8 8 2 1sin ; sin cos ; ~ ,
2 2 2 2 2

n nA ctg n n
n n n nh h h

ππ π π
λ λ µ

π

−    = = = − = ≈ → ∞   
   

 (10,10) (100,100) (1000,1000)
µ(- ) 50 0.5⋅104 0.5⋅106

.
A=L+D+R

( ) 1
0, ns s

s
x xD L Ax b x Rω

ω
+ −

+ + = ∈

ω :
( )2

2 ,
1 1

opt
B

ω
ρ

≈
+ −

( ) ( ) ( ){ }1

1,
, max ii n

B D L R B Bρ λ−

=
= ⋅ + = - .

.
1) .
2)  ( max).
3) .

1.  x∈RN  G⊂RN

: Lu(x)=f(x)  x∈G.  lu(x)|∂G=µ(x)   u(x)=?
ΩH – G , H –  (h,k), z – .

, .
(x) – , , .
’(x) – ): ’(x)= (x)/{x}

( )
( ) ( ) ( )

( )
( )

( )
'

( ) , ,
1

'

H
x

A x v x B x v x x

x
ξ

ξ ξ

ξ

∈

 − = Φ ∈ Ω
 −
 ∈

∑

v(x) – , .
A ) – , .

,ξ) – , ξ, , .
) – , .
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 L:  v(x):

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )'

2 ,
def

x
L x v x A x v x B x v

ξ

ξ ξ
∈

= − ∑

, ( ) ( ) ( ) ( ), 3HL x v x x x= Φ ∈ Ω - .

2.  ( .5) , ; 
,  1-

. ,  2-
 ( : . 1  7).

, .
:

Ω ,  x,y  x1,
x2, …, xt, ,  x1∈ ’(x), x2∈ ’(x1), …,y∈ ’(xt).

:
 L(x)  (++) Ω , :

( ) ( ) ( ) ( ) ( )
( ) ( )

( )
( ) ( ) ( )

( )
( )

' ' *

0 4 ' , 0 5

, 0 6 * , * *, 0 7
H

H
x

x A x x B x

A x B x A x B x
ξ ξ

ξ ξ

ξ ξ
∈ ∈

∀ ∈ Ω > ∀ ∈ >

− ≥ ∃ ∈ Ω − >∑ ∑
: ’(x)=∅,  (5) ,  (6)  (7) :

( ) ( )0 * 0A x A x≥ > , , 
 (4).

: .
Ω  –  L(x) ,  (L(x)v(x)≥0) ⇒

⇒(v(x)≥0 ∀x∈ΩH).
 1:

Ω  –  L(x) ++) ⇒ ∀ )  (3) .
(detA≠0 #5: Av≥0, v≤0)

 2:
Ω : ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )8 9L x v x x L x v x x= Φ = Φ$ , , : L(x) ++ 

( ) ( ) ( )H, , x ( )Hx x x v x v x∀ ∈ Ω Φ ≤ Φ ∀ ∈ Ω ≤ %  (  #5)

,  (9) , . ( ) ( )x xΦ > Φ  >
 (8).

 3:
 (3) Ω , L(x) ++ ⇒

∀ ).
 (3)  (*)

:
1) ψ ) ( ).
2)  L(x)z(x)=ψ(x).
3) :

( ) ( ) ( ) ( ) ( )( ) ( ), ( ) , , 10HL x z x x x x z x z x xψ ψ ψ= ≥ ≤ ∀ ∈ Ω% %

, z% - .
:

 (*)  (*), 
.
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, 
 – .

:
, ’(x)≠∅. 

, ’(x)=∅.
ωH  - ; γ  – ; Ω =ω ∪ γ  (11).

( ) ( ) ( ) ( )
( )

( ) ( )

( ) ( ) ( )
'

( , , 1*

( ,

H
x

H

A x v x B x v x x

A x v x x x

ξ

ξ ξ ω

γ

∈

 − =Φ ∈


 = Φ ∈

∑

 ++  L(x):
1) Ω , γ =0, ∀x∈ωH  (4), (5), (6)  x*∈ωH, 

 (7).
2) Ω , γ ≠0, ∀x∈ωH  (4),(5),(6) ∀x∈γH  (4).

)

3. :
( ) ( ) ( )

( )
" cos , 0,1 1, 0, ;
0 1 (1) 9 H i

u x x x
x ih i n h

nu

= ∈  Ω = = = =  
= =  

1 1
2

0

2
cos

1 9

i i i
i

n

v v v
x

h
v v

− +− + =

 = =

i={i,i±1},i=1,n-1       0={0},      n={n}.     ’i={i±1},  ’0=0,   ’n=0
ωH={xi, i=1,n-1} γH={x0,xn}

 ++:

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 12 2 2

0

2 2 2

2 1 1 cos , 1, 1

1 1, 1 9
2 1 1, , 1 , , 1 , cos , (0) 1, 0 1, 1, 9

i i i i

n

i

v v v x i n
h h h

v v

A i B i i B i i i x A A n n
h h h

+ −
 − − = − = −

 ⋅ = ⋅ =

= + = − = Φ = = Φ = = Φ =

∀x∈ωH:

( ) ( )
2 2 2

2 1 10, 0, 0 0

: 0  ++  13 maxH

A B A B
h h h

x A L xγ

> > − = − − = ≥

∈ > ⇒ −

∑

:
( ) ( ) ( )
( )

" 3 7, 0,1 1, 0, ;
' 0 3 '(1) 9 H i

u x u x x
x ih i n h

nu u

− = ∈  Ω = = = =  
= =  

1 1
2

1 0 1

2
3 7

3 9

i i i
i

n n

v v v
v

h
v v v v

h h

− +

−

− + − =
 − − = =


i={i,i±1},i=1,n-1       0={0,1},      n={n,n-1}.  !!!
ω ={xi,i=1,n}=ΩH
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( ) ( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

, 1 , 1

1 12 2 2

0 1 10
0,1 , 10

2 1 13 7

1 1 1 13 9

A i B i i B i i
i

i i i

n n n
B B n nA A n

v v v
h h h

v v v v
h h h h

+ −
Φ

+ −

−Φ Φ
−


  + − − = −  


 − = − − =


!!!

21.
 3D- . ,

.
1. .

( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

, . , ,

16 , , 0,1 0,1 0,1

, , , ,
G

u x y f x y

x y G

u x y z x y

ω ω

ω

µ ω
∂

 = −
 ∈ × × =


=
µ(x,y,ω)={µ1,µ2,…,µ6}

: (n,m,p)
xi=ih,  h=1/n
yj=jk,  k=1/m
ωl=ls,  l=1/p
u(x,y,ω)={uijl}, i=0.n; j=0,m; s=0,p –  –  (16) 

.
v(x,y,ω)={vijl}, i=0.n; j=0,m; s=0,p – 
zijl=uijl-vijl- .

 2- ,  2-
 3-  2- .

( )
( ) ( ) ( ) ( )

0 5 6 0 3

4 0 1 2

1, 1; 1, 1; 1, 1 17 *

17 ; ; ; 0, ; 0, ; 0,

; ; ; 0, ; 0, ; 0,

ijlxx y yijl ijlijl

ij ij ijp ij i l il

iml il jl jl njl jl

v v v f i n j m l p

v v v i n j m l p

v v v i n j m l p

ωω

µ µ µ

µ µ µ

 + + = − = − = − = −

 = = = = = =
 = = = = = =
: {h  x; k  y;s ω} .  (n,m,p).  i,j,l.

, µ
.

(17*) : 1 1 1 1 1 1
2 2 2

2 2 2i jl ijl i jl ij l ijl ij l ijl ijl ijl
ijl

v v v v v v v v v
f

h k s
− + − + − +− + − + − +

+ + = −

2 2 2

1 1 12A
h k s

 = − + + 
 

: (0,j,l)  (n,j,l)  (i,0,l)
(i,m,l) (i,j,0)  (i,j,p).

, , 
 – . , 

. , , 
.

: ={h,k,s}
ωH =  ( . ’(i,j,l)≠0)

( ){ }' , , 0; 1, 1; 1, 1; 1, 1H i j l i n j m l pω = ≠ = − = − = −

x

yω

µ1(y,ω)
µ2(y,ω)

µ3(x,ω)

µ4(x,ω)

µ5(x,y)

µ6(x,y)

 1/h2 h A h 1/h2

1/s2

1/s21/k2

1/k2

s

s
k

k
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γH – :
( ) ( ) ( ) ( ) ( ) ( ) ( ){ }' , , 0; ,0, ; , , ; 0, , ; , , , , ,0 ; , , ; 1, 1; 1, 1; 1, 1h i j l i l i m l j l n j l i j i j p i n j m l pγ = = = − = − = −

def

H H hω γΩ = ∪
.

 (17)  (18), .
 (18) :

( ) $( )
$( )

$ ( ) ( )
, ,

, , , , , , , , , , 19
H

ijl ijl Hi j l
i j l

A i j l v B i j l i j l v i j l
∈Ω

− = Φ ∈ Ω∑ $ $
$ $

$ $    (i,j,l)∈ωH

, , 
(17*) .

( )

( ) ( )

( )

2 2 2

2 2

2

1 1 12 , , 0

1 1, , , , , 1 , , , 1, ,

1, , , , 1,

A A i j l
h k s

B i j l i j l B i j l i j l
s h

B i j l i j l
k

 − = + + = > 
 

± = ± =

± =

: ( ), , 0; 0 0A i j l A B> − = ≥∑
( ) ( ) ( ), , : , , , ,H ijli j l A i j l v i j lγ∈ = Φ

: ( ) ( ) ( ) ( )3,0, 1 0; ,0, ; , , ; , , 0il HA i l i l i j l A i j lµ γ= > Φ = ∈ >
 (17) .

 3:
 (16)  (17) 

:
( )

( ) ( )
4 4 4

2 2 2
4 4 40, , ,

0,
0,

1max max , , 20
12ijli n x y G

j m
l p

u u u h k s
x yω

ψ
ω= ∈

=
=

 ∂ ∂ ∂ ≤ ⋅ + + 
∂ ∂ ∂  

: .
 4:

zijl ψijl  L(i,j,l)zijl=-ψijl  (i,j,l)∈ωH;  zijl=ψijl=0  (i,j,l)∈γH

( ) ( ) $( )
$( ) ( )

$ ( )
, , ' , ,

, , , , , , , , , 21ijl ijl i jl
i j l i j l

L i j l v A i j l v B i j l i j l v
∈

= − ∑ $ $
$ $

$ $

 – .
 –  (17)  (16) – 

.  (21).
z% :

( ) ( ) ( ) ( ) ( )( ) ( ) ( )
de

2 2 223 , , 1 1 1 ; , 20
6

fKz x y x x y y K M h k sω ω ω= − + − + − = + +%

... 0
G

z K

z
∂

 = −


= ≥

%

% - 

 5:

 -1/h2 h -A h-1/h2

-1/s2

-1/s2-1/k2

-1/k2

s

s
k

k
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 z µ  (16) , 
 (17)  (16) 

 h, k  s : ( ) ( )
2 2 2

2 2 21 2 3
1 2 30,

0,
0,

max , 1 24
6 4ijli n

j m
l p

l l l
z M h k s l l l

=
=
=

+ +
≤ ⋅ + + = = =

⋅

( )

4 4 4

4 4 4, ,

1 max , ,
12 x y G

u u uM
x yω ω∈

 ∂ ∂ ∂ =  
∂ ∂ ∂  
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22.
.

( ) ( ) ( )
( )

, , ,

,G

u x y f x y x y G

u x yµ
∂

= − ∈


=
µ .

:

( )
1

1

, 0, , 2
, :

, 0, , 2

i

i j

j

b ax a ih i n h n n
nx y

d cy c jk j m k m m
m

−
= + = = = ⋅

−
= + = = =

H={h,k}
 – , 

× - ω .
γ  – , .

 I-V γ . 
ω ∪γ =Ω .

vij , (i,j)∈ΩH – .
uij,  (i,j)∈ΩH – .
zij=uij-vij,  (i,j)∈ΩH – .

( )
( ) ( ) ( )

( ) ( )

26 *
26

, , ,

ijx x y yij ij

ij i j H

v v f

v x y i jµ ω

 + = −

 = ∈

 L(i,j)  (i,j)∈ΩH:

•  (i,j)∈ωH: ( ) ( ) ( )( ),
def

ij xx y yij ij
L i j v v v= − +

•  (i,j)∈γH: ( )
( )

( ) ( ) ( )
de ( , ) , ,

,
, , , ,

f ij ij H

ij ij
ij i j H

L i j v f i j
L i j v v

L i j v x y i j

ω

µ γ

 = ∈= 
= ∈

 (27) , 
 L:

( ) ( ) $( ) $
$( ) ( )

( ) ( )

( ) ( )

( ) ( )

2 2
, ' ,

2 2

1 1, , , , , ; , : , 2 0

1 1, , 1, 0; , , , 1 0; 0 0;

, : , 1 0

def

ij ij Hi j
i j i j

H

L i j v A i j v B i j i j v i j A i j
h k

B i j i j B i j i j A B
h k

i j A i j

ω

γ

∈

 = − ∈ = + > 
 

± = > ± = > − = ≥

∈ = >

∑

∑

$
$

$

 6:
 (27) .

 7:
 f, u  (25)  (26)  (

).

y

 a (a+b)/2 b x
c

(c+d)/2

d

µ1
µ2µ3

µ4

µ5 µ6

 i-1,j i,j i+1,j
 h  h

k

k
i,j-1

i,j+1

1/h2 1/h2

1/k2

1/k2

A=-2(1/h2+1/k2)

I II

III IV

V
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 8:
 f µ  (25),  (25) u(x,y) , 

 (26) vij, (i,j)∈ΩH  2-
 h  k:

( )
( )

( )
( )

2 2 4 4
2 21 2

4 4, ,

128 max , : max ,
4 4 12H

iji j x y G

l l u uz M h k M
x y

ψ
∈Ω ∈

 + ∂ ∂ ≤ + =  ⋅ ∂ ∂  
: - .

 8:
1) ψij, (i,j)∈ΩH:

( ) ( ) ( ) ( ) ( ), ; , , 0
def def

H ij ij H ij ij i jx x y yij ij
i j u u f i j u x yω ψ γ ψ µ∈ = + + ∈ = − =

2) ψ  z , : ( )
( )

( ) ( ) ( )

0 ,
29

,

ij ij H

ij Hx x y yij ij

z i j

z z i j

ψ γ

ψ ω

 = = ∈

 + = ∈

3) ,  (29)  (30):

( )
( ) ( )
( ) ( )

, , ,
30

, , ,
ij ij H

ij ij H

L i j z i j

L i j z i j

ψ ω

ψ γ

= − ∈


= ∈
4)  (30) , :

( ) ( )( ) ( )( )( ) ( )2 2, , , .
4
Kz x y x a b x y c d y K M h k ψ= − − + − − = +%

5) , z% :

( )
( ) ( )
( )

( )
{ ( )

. , . 0

, , ,
32 , .......... , ,

ij H

ij H
z x y

L i j z K i j

L i j z i j

ω

γ
>

 = ∈

 = ∈

 %

%

%

 (32)  (30).
6)  (30)  (32) , ijijz z≤ % , ∀(i,j)∈ΩH.
7) .

( )2 2
ij M h kψ ≤ + , .

 (25) :

, .
.

 f(x),  xi, xi-α=xi-αh,   xi+β=xi+βh.
α, β∈(0,1]
f”(xi)-?

 P2(x)  2- : P2(xi)=f(xi);  P2(xi+βh)=f(xi+βh);
P2(xi-αh)=f(xi-αh). ,  P”2(xi)~f”(xi).

: ( ) ( ) ( ) ( )2 2

2 1 1 1" 33i i i iP x f f f
h α βα β α αβ α β β− +

 
= − +  + + 

: ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 3

2
2" ''' 0 34

3 12
IV

i i i i

h hf x P x f x f x h
α β α β

α β
− +

= + − + + 

 i-α αh i βh i+β
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: :
(33) – .  (34) –  (33)  (.) xi.

:
 (33)  3-  2-

( ) ( )33
x x i

f = .

: 1) α=β, ( )
( )

( )2

1 2 ,i i ix x i
f f f f

h
α α

α
− += − +  f”(xi)  2-

 h.
2) α≠β, ( )x x i

f  f”(xi)  1-  h.

:
, u

i,j ( ) ( )x x y yij ij
u u+

 h  k.

2 2 2 2

2 2 1 12A
h k h kβ γ β γ

 
= − − = − + 

 
β=γ=1 .

.
:

1 1

, 0,

, 0,

2 2

i

j

b ax a ih h i n
n
d cy c jk k j m

m
n n m m

−
= + = =

−
= + = =

= =
ωH – , , 

.
γH – , ω .

: Ω =γ ∪ω , ={h,k}
 I-III γ .

:

( )
( ) ( ) ( )

( ) ( )

, ,
37

, , ,

ij Hxx y yij ij

ij i j H

v v f i j

v x y i j

ω

µ γ

 + = − ∈

 = ∈

 (37) ⇒
-
-  1-  h  k.

23.
 1,2-

, .
# 6.5 .

. v ,  
. 

.

γk
βh

k

hi-1,j

i,j-1

i,j+γ

i+β,j

2/(k2(1+γ)γ)

2/(k2(1+γ))

2/(h2(1+β)) 2/(h2(1+β)β)A

µ1(y)
µ2(y)

µ3(x)

µ4(x)
µ5(x,y)
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, 
: Av F= .

: vij – v ,  (xi,yj); (i,j) – ,
,  (xi,yj); (l,s) – .

 (i,j),  (l,s)  vls
,  (xi,yj).  F ,

 – .
:

-  (i,j)  (l,s)  (l,s)  (i,j).
-  (),   (i,j)  (i,j)   (l,s).

:
.

:

2 2

1 12A
h k

 = − + 
 

,  i±1,j 
 i,j ,  (i,j) 

(i±1,j).
:

,  3- : A3D=AT
3D.

:
, 

.A0≠AT
0.

:  (3,3)  (2,3) 
 1/h2,  (2,3)  (3,3) 

( )2

2
1h β+

.

 (3,3)  (3,2) 2

1 ,
k

(3,2)  (3,3) 
( )2

1
1k γ+

: detA≠0 – .
 – .

:
1) , 

.
2) ,  2 :

a. λi(A)>0, i=1,n
b. A>0.

: h∈Rn, h≠0;   v1,…,vn – .
i ih vα= ∑ , ∃l, αl≠0.

( ) {{( ) {{( )2

1 1 1 1 1 0 0 0 00 0

, , , , ,
n n n n n

i i s s i i i s s i i i i l l l l
i s i s i

Ah h A v v v v v v v vα α α λ α α λ α λ
= = = = = ≥ > > >> >

   
= = = ≥   

   
∑ ∑ ∑ ∑ ∑ 123 123

.
∀h≠0  (Ah,h)>0 ⇒ (A>0)

 A>0, λ, v – ; v≠0   (Av,v)=λ(v,v)>0⇒λ>0.

 i-1,j h2 A h2 i+1,j
1/h2 i,j 1/h2

k
1/k2 i,j-1

k
1/k2 i,j+1

 0 1 2 3 4

4

3

2

1

13

11 21 31

12       2    ,
(h2(1+γ))

   1   ,
k2

   2  ,
h2(1+β)
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,  – 
.

  , : >0. 
2 

.
1)            :.  (i,j) :

:

-  (i,j)  1- , .
-  (i,j)  2- , 

,
,  – 

→ :. .
:

:.A v F− = .
: , 

.
:

 3- , .

3 3 30 :T
D D DA A A v F= > − = −

 – .
:

, 
.

: :

2 2

1 12A
h kβ γ

 
= − + 

 

•,  1 2 2 2 2

1 1 1 1A
h h k k

≥ + + + .

,  2

( ) ( )2 2

2 1 2 11 1
1 1

A
h kβ γβ γ

   
≥ + + +   + +   

#7 .
#7.1 .

x=(x(1),…,x(n))∈R(n)

:
 || || ,  3- :

( ) ( )1) 0 0 0

2)

3)

x x x

ax a x

x y x y

= ⇔ = >

= ⋅

+ ≤ +

1/h2

1/k2

1/k2

1/h2
A

√

⇒
≤0.

1/k2

1/k2

1/h2
A

2/(k2(1+γ)γ)

2/(k2(1+γ))

2/(h2(1+β)) 2/(h2(1+β)β)A

. 1 . 2
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: ( ) ( ) ( )
2 1 1,1

, ; ; max
ndef def def

i i

i ni
x x x x x x x

∞ =
=

= − = =∑
:

 || ||,  4 :
1) 0 0, 0; 2) ; 3) ; 4)A A A A A A B A B A B A Bα α= ⇔ = ≥ = ⋅ + ≤ + ⋅ ≤ ⋅

:

0
sup
x

Ax
A

x≠
= − A ,  || ||.

: 2
2

0 2

sup
x

Ax
A

x≠
=

24.
: ( )

1
sup 1*

def

x
A Ax

=
=

: ( ) ,A x Ax x xα α α α= ⋅ = ⋅

 ||Ax||≤M⋅||x|| (2) .
 (2).

 1:
, ∀A(n,n), ∀x∈Rn : ||Ax||≤||A||⋅||x||.

:  x=0,  0≤0. x≠0,
{

0
sup
y

A

Ax Ay
Ax x x

x y≠
= ⋅ ≤

 2:
 A(n×n), A≠0, ( )**Ax M x≤ ,  0<M<||A|| 
 x.

.  ||Ax||≤||A||⋅||x|| )

: sup: ∀ε>0 ∃x*; 
0 0

A A

Ax Ax* Ax
sup sup

x x* xx x
ε

≠ ≠
− < ≤

14243 14243

≠0 , 0<M<||A||,  (**) . 
ε=||A||-M –  (*).

Ax*
A , Ax* x*

x*
M M⇒ < ≤ > ⇒  (**) .

.
:

.
:

 0 
. ( ) ( ){ } ( )

1,
max 3ii n

p A Aλ
=

=

 1: ( ) ( )2
A , 4Tp A A= - , .

 2: ( )1 1, 1
A max 5

n

ijj n i
a

=
=

= −∑  ||x||1.

 ||A||-ε  ||A||
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 3: ( )
1, 1

A max 6
n

iji n j

a
∞ =

=

= ∑ -  ||x||∞.

:

( )
1

 5  (6) , 1 2 3 6
24

4 5 6 15
18

7 8 9 24 .

12 15 18

A
A

∞

→ 
=  →  = → 

↓ ↓ ↓

,  ||A||2  ||A||1  ||A||∞.
:

 ( ) . 
 0 ,  0 

.

.

# 7.2 .
:

λ  v≠0∈Rn  A(n×n),  Av=λv.
v - ; λ - .

:

det(A-λE)=0 (8),  1
 ( ).
:

λ -  (8).
:

λ
, λ.

:  1 ≤ ≤ .
, , 

  .
:

.
:

(λ, v) – ⇒ ) (λ2, v) – 2;  ) (1/λ, v) – 
-1;  ) (1-τλ, v) –  E-τA;

) ( )( ) ( )( )1 21 1 ... 1 ,k vτ λ τ λ τ λ− − − − ( )( ) ( )1 2 ... kE A E A E A Bτ τ τ− − − =

: ) A2v=Aav=Aλv=λ2v
) Av=λv⇒A-1Av=A-1(λv)⇒v=λA-1v⇒A-1v=1/λv, λ≠0.
) (E-τA)v=v-τλv=(1-λτ)v
)  B  (λ,v): ( ) ( ) ( ) ( )( )1 1 1... ... 1 ...k k kBv E A E A v E A E A vτ τ τ τ τ λ−= − − = − − − =

.

 4:  A(n×n), detA≠0 ⇒ ( )
( ){ }

1

1,

1
min ii n

p A
Aλ

−

=

=
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: ( ) ( ){ } 1max ,ip A A Aλ −= ∃ .  (λ, v) – ,  (1/λ, v) –
-1 ⇒ ( ),vλ −% -1 ⇒ ( )1/ ,vλ % - .

( ) ( ) ( ) ( ) ( ){ }
-1 1

1,1, 1,
1,

1 11/ . max
min

def

i i i ni n i n i ii n

A A p A
A A

λ λ
λ λ

−

== =
=

  ⇒ − ↔ − = = 
  

.

# 7.3 .
:

⇒ : λ1≤λ2≤…≤λn

( ) { }1max , np A λ λ=

: (*) , ( ) ( )2
10A p A=

 (**):
,  ||A||≥ p(A)  (11).

 (***):
 ||A||≥ p(A)  (12).

 (**):  (λ, v) , ,  p(A)=|λ|.

: ( )
0

sup
y

Av v Ay
p A A

v v y
λ

λ
≠

⋅
= = ≤ ⇒ ≤

 (*): 2;   (λ, v) – ,  (λ2, v) – 2.

( ) ( ) ( ){ } { } ( ) { }

{ } { } ( )

22 2 2
1 11,

2 2
1 12

max max , ; max ,

max , max ,

T
i n ni n

n n

p A A p A A p A

A p A

λ λ λ λ λ

λ λ λ λ

=
= = = =

= = =

(***) ,  (**). λ, , 
 2  – .

25. .
# 7.4 .

:
A(n×n): detA≠0⇒ µ =||A||⋅||A-1||   (1)

:

detA≠0 ⇒  :
( ){ }
( ){ } ( )1,

1,

max
2

min

ii n
A

ii n

A

A

λ
µ

λ
=

=

=

 1:
 detA≠0 ⇒

( )1 3T
A Aµ µ≥ ≥

: ( ){ }
1,

( ) max ii n
A p A Aλ

=
≥ =

( ) ( ){ } max1 1
min1,

1/ min 1, . . 1T
i A Ai n

A p A Aλ µ µ− −

=
≥ = ⇒ ≥ ≥ ≥

 2: >0 ⇒ 1 2
1

, 0 ...T n
A n

λ
µ λ λ λ

λ
= < ≤ ≤ ≤

1442443

 3: >0 ⇒
1) µ ≥λn/λ1≥1

λ1 λ2 0 λn-1 λn
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2) , , 
⇒ 1/T

A A nµ µ λ λ= =

:
( )

( )
2

11 1

2

. .  /
1/

n T
A A n

n

A p A

A p A

λ
µ µ λ λ

λ− −

= =  ⇒ = =
= = 

 1: >0 ( )
1

1 4T n
A A

λ
µ µ

λ
⇒ = = ≥ .

 2:
, 

 (#7.9, #7.5)
# 7.5 .

 2 : Ax=b,  x* (5)
( ),  * 6Ax b b x x= + +

detA≠0 b –  (6),  –  (6).

(7)
b

b
− .

(8)
*
x

x
 - .

:  b=0 ⇒ ||b||=0 , . 
,  0.

( )

( )

1
1 1 1

* * * *

,
*

9
* A

b
b Ax A x x A x x b b A x b

A

A b Ax
x A b x A b A b

x b

x b
x b

µ

−
− − −

= = ⋅ ⇒ ≥ + = + =

⋅ ⋅
= = ≤ ⋅ ≤

≤

 4:
, ,  detA≠0 

 (9).
(9) – , .

:
, 

µ  – .
:

, µ ≈1.
: 1) µ , .

2)  (9) , . : detA≠0  b
b,  (9)  « , ».

. (9) , :
( )10Ax M x≤ ⋅

,  « » 
.
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# 7.6  ( >0)
 A=AT>0,  0<λ1≤λ2≤…≤λn, λn>>λ1

v1,…,vn –  ( ).

 h∈Rn
1 1

1
...

n

i i n n
i

h v v vα α α
=

= = + +∑

1 1 1
1

...
n

i i n n n
i

Ah Av v vα λ α λ α
=

= = + +∑
:

 h  v1  vn ,  Ah  vn  v1.
 vn ,  v1.

 Ax=b (11).
1 1 ... n nb v vβ β= + + − . * - .

1 2
1 2

1 2

* ... n
n

n

x v v vββ β
λ λ λ

= + + +

:
 (11)  v1  vn, *  v1, 

 vn.
, 

, 
.

:  (9) : A=AT,  0<λ1≤λ2≤…≤λn, λn>>λ1.
1 ... , 0nv v α= = ≈ −

 2 :
( )

( )1

5*

6*

n

n

Ax v

Ax v vα
↓

=

= +
(6*) –  (5*) .

1 1
1

1 1

1 1

1 1 1

* ; * ; ; ;

;
*

A

n n
n

n n

n n n

n n

v v v vx x x b v b v x

x v b b v
x v b b v

µ

α
α α

λ λ λ λ

α λ αλ λ
α α

λ λ λ

= + = + = = =

⋅ ⋅
= = ⋅ = = =

:
T>0  0<λ1≤λ2≤…≤λn.  b ,

b 
, .

⇒  (9) : ( )12
* A

x b
x b

µ= ⋅ λn>>λ1 –

).
: Av F− = −  (n,m).

# 7.7  ( ).
Ax=b  (13), detA≠0;  x* - . x0∈Rn– . τ - .

1s s
s

x x Ax b
τ

+ −
+ =

τ, . :
xs+1=(b-Axs)τ+xs;              zs=xs-x* -  xs.
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( )1 1 1

ss

s s s s s s

zAz

z x x b Ax x x
τ

τ+ + −

−

= − = − + −
1424314243

     G=E-τA.

zs+1=Gzs=G2zs-1=…=Gs+1z0,   z0=x0-x* - .
: :

||G||≤1
: 2 1 1

1 1 0 1 0
0,

... ; 0s s
s s s s

s
z G z G z G z z G z+ +

+ − +
→ →∞

≤ ⋅ ≤ ≤ ≤ → ≤ →

: ( ) 1p G < - 
.

: .

# 7.8  AT=A>0.
0<λ1≤λ2≤…≤λn

 (λ,v) – ⇒ (1-τλ, v) –  G=E-τA.
>0, ( ) { }2 1,

max 1T
ii n

G G G p G τλ
=

= ⇒ = = −

:

2
1 1 1 ~ 1 1 1, 1,

20 2, 0 , 1,

i i

i
i

G i n

i n

λ τ λ τ

τλ τ
λ

< ⇒ − < − < − ⋅ < =

< < < < =

⇒ τ∈(0, 2/λn) – .
: . τ>0 ⇒ :

{ }1 2 121 1 1 ... 1 max 1 , 1n n

G

Gτλ τλ τλ τλ τλ> − ≥ − ≥ ≥ − → = − −
1444442444443

:
>0 ⇒  Ax=b  x0,
τ∈(0, 2/λn) : { }( ) 1

1 1 0 2
max 1 , 1

s

s nz zλ τ λ τ
+

+ ≤ − −

26.
1 * *s sx x x x+ − −

#7.9 .
A=AT>0,  0<λ1≤λ2≤…≤λn

1s s
s

x x Ax b
τ

+ −
+ =    (14*)

τ∈(0, 2/λn), { }( )
( )

1

1 1 02 2* max 1 , 1 *
s

s n

F

x x x x
τ

λ τ λ τ
+

+ − ≤ − − −
14444244443

( )( ) 1
1 02 2* *

s
sx x F x xτ

+

+⇒ − ≤ ⋅ −

τ*, .

( ) ( )2min, 0, 15
n

F τ τ
λ

 
→ ∈  

 
.

( )
{ }( )10,2 /

min max 1 , 1
n

nτ λ
λτ λ τ

∈
− −

( ) ( )
1 1

1
1 1

1 , 1/1 , 1/
1 1

1 , 1/ 1 , 1/
n n

n
n n

λ τ τ λλ τ τ λ
λ τ λ τ

λ τ τ λ λ τ τ λ

− <− <  − = − = − − ≥ − − ≥  
|*|=0, τ=1/λ1 τ=1/λn, . |*|=1, τ=0.

  1/λ1 τ* 1/λn τ

1

F(τ)
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,  F(τ)  3-
τ*, :

1-λ1τ=-(1-λnτ) →  2=(λ1+λn)τ* ⇒
( )1

2 2* 0,
n n

τ
λ λ λ

 
= ∈  +  

τ*:

( ) ( ) 1 1
1 1

1 1 1

12* 1 * 1 * 1 ...
1

n

n
n n

n n

F

λ

λ

λ

λ

λ λ
τ λ τ λ τ λ

λ λ λ λ

−  −
= − = − − = − = = = + + + 

:
 A=AT>0,  Ax=b, 

1

1
1 02 2

1 1

12* , * *
1

s
n

s n
n

x x x x

λ

λ

λ

λ

τ
λ λ

+

+

 −
 = − ≤ ⋅ −
 + + 
 

( )
1

s+1 02 2
1

1
 z 16*

1

s

n A
A

A

zλ µ
µ

λ µ

+
 −

= − ⇒ ≤ ⋅ + 
:

, , . λn>>λ1.
# 7.1 .

(1) Ax=b, x∈Rn, detA≠0; x* - .

(2) 1s s
s

s

x x Ax b
τ

+ −
+ =

τs –  xs+1. x0 – .

,  zs: *,
def def

s s s sz x x r Ax b= − = −

( ) ( )
1

1 1* * *
s s s s

s s s s s s s s

z Az z

x b Ax x x x x b Ax x x A
τ

τ τ
+

+ += − + − → − = − + − ⋅
14243 14243 14243

( ) ( ) ( ) ( )
( ) ( )

1

1
1 * * 3
s s s

s s s
s s s s

s sr r r

r E A r
A x x A b Ax A x x

E A z
τ

τ
τ

+

+
+

−

= −
− = − + − ⇒

−1442443 14243 14243

: ( )3*s sr Az=

: A(xs-x*)=Axs-b=rs

 (3*)  z ψ .
 (1)  (2) , :

( ) ( ) ( ) ( )( ) ( ) ( ) ( )
( )

2 2
1 1 1 1 1 12

, , , , , 2 ,
s

def

s s s s s s s s s s s s s s s s s s

F

r r r r r r E A r E A r r r Ar Ar Ar r
τ

τ τ τ τ+ + + + + += → = = − − = + −
144444424444443

 xs+1, xs  rs , ( ) 2 ,
2s s s sF β

τ ατ βτ γ τ
α

= + + = −

( ) min
s

s R
F

τ
τ

∈
→ , , : ( ) ( )

( )
,

2*
,
s s

s
s s

Ar r
Ar Ar

τ =

:
 (2)  (2*) .

τs  xs+1 ,  xs+1
.

τs*
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.
 2 : ) : detA≠0;  ) : A=AT>0.

a) .
 – . τ: ,  G=E-τA: ||G||2<1.  rs –

,  xs: ( ) {
2

sE A rτ−
14243

( ) ( ) ( )( ) ( ) ( ) ( ) ( )2 2
2

, , , 2 ,s s s s s s s s sE A r E A r E A r r r Ar Ar Ar r Fτ τ τ τ τ τ− = − − = + − =

( ) ( ) ( )

( ) ( )

( )

2
1 1 1 2

1 12 2 2 22

1
1 0

,

G 4

5 , , .

s s s

s s s s s

G

s
s

F F r r r

r E A r E A r r r

r G r G E A

τ τ

τ τ

τ τ

+ + +

+ +

+
+

≥ = =

≤ − ≤ − ⋅ ⇒ ≤ ⋅

≤ = −
.

( )
\

1
1 1 1 0 0 1 12

1 1 11 1 1
1 1 0 0 1 02 2 2 22 2

; ; ;

6

A

s s s s s

s s s
s s s A

r Az r Az r z A r

z A r A G r A A G z z G z
µ

µ

−
+ + + + +

+ + +− − −
+ + +

=

= = =

≤ ⋅ ≤ ⋅ ≤ ⋅ ⇒ ≤ ⋅ ⋅
14243

:
 (1): Ax=b  detA≠0. τ: 

 (1)  G=E-τA  ||G||2<1 ⇒  (2) 
 (2*)  (1)  (5)  (6).

) : A=AT>0.
:

 A=AT>0,  (2)  (2*):
( )

( )
1 ,

, *
,
s ss s

s s
s s s

Ar rx x
Ax b

Ar Ar
τ

τ
+ −

+ = =

 Ax=b :

( ) ( )
1 1

1 0 1 02 2 2 2

1 1
5* 6*

1 1

s s

A A
s s A

A A

r r z zµ µ
µ

µ µ

+ +

+ +

   − −
≤ ⋅ ≤ ⋅   + +   

:  A=AT>0 τ* ,  ||G||2<1, 

τ, 
2

1

12* , 1
1

A

n A

G µ
τ

λ λ µ
−

= = <
+ +

 (5), (6) ⇒  (5*)  (6*).
:  A=AT>0 , 

, 
.

# 7.11  ( ).
. 

 – . 
, 

 – :
-
-
-
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:
 1:

 Ax=b 
: ( ) 1,p G G E Aτ< = −

 2:
 ||G||≤q<1,  Ax=b 

 x0 c :

( ) ( )
1

1 1 1 0 1* 7 * 8
1 1

s

s s s s
q qx x x x x x x x

q q

+

+ + +− ≤ − − − ≤ − −
− −

.

27. #7.12 
.

:
( ) ( ) 0TAv F A A= − = − > ⇒ Av F− = −

.
 x∈[0,1], y∈[0,1].   (n,n).  (- ):

( )2 2 2
min 11 max 1 12 2 2

18 8 8sin sin cos
2 2 2n n

n
n n nh h h

ππ π
λ λ λ λ − −

−    = = = = =    
    

: ( ) 2 2max

min

1
2 2

A ctg n
n

λ π
µ

λ
 − = = ≈ 
 

. 
min max

2
optτ

λ λ
=

+
.

: 1s s
s

x x Ax b G E Aτ
τ

+ +
+ = = − − .

:

( ) ( )1
1 0 1 12 2 2 2 2

.
*

1
s

s s s s
qz G z v z x x

q
+

+ + −≤ − ≤ − −
−

 A=AT>0 ⇒ ( )2

1
**

1
A

A

G µ
µ

−
=

+
. 

( )
( ) ( )

2
2

2 2
2

1
1 ***

1
n

n

ctg
G

ctg

π

π

−
= ≈

+

 n, .

q –  ||G||2 –  2: ||G||2≤q<1. 
1
1

A

A

q µ
µ

−
=

+
 (v)  (vv) :

( ) ( ) ( )1 11 12 22 2

1 1 1
1 1 1 2

A A A
s s s ss s

A A A

z v v z v v vvvµ µ µ
µ µ µ

+ ++ +

− + −
≤ ⋅ − ⇒ ≤ −

+ + − −

 n: 2
1 1

2
1/ 4s s sv v n v v+ +− ≤ −

,  ( ), , 
1sv + v .

, 1sv v+ − ≤ 10-6

1
2

s sv v+ − ≤10-11.

http://www.vmkfree.narod.ru


,    : .                                            2004-2005 .

. www.vmkfree.narod.ru 63

: , 
, 

.
:

2
1/ 2G q≤ ≤ , 1s sx x ε+ − ≤

1 *sx x ε+ − ≤

: 1 2 1
1 2

q
q

≤ ⋅ =
−

. 
 ||G||2. 

, , 
.

.
: . : p(E-τA)<1 (+).

 (+) :
1) , 

, 
τ.

2) : detA≠0 β -
: β∈(0, π/2), τ, 

.
# 7.13 

.
: { }1

0 1 1... k k
kK a a x a x x−

−= + + + + − . 1
 k≥1, .
( ) ( )

[ ]
( )

[ ]
( ) ( )

1,1 1,1
, : max max 1k k k kx x

T x K P x K T x P x
∈ − ∈ −

∈ ∀ ∈ ≤

(1) – .
:  (1)  k:

( ) ( ) ( )( ) ( ) ( )0 1 12 ... , cos 1 2 , 0, 1
2k k sT x x x x x x x x s s k

k
π

−
 = − − − = + = − 
 

:
[ ]

( ) ( )11,1

1max 3
2k Kx

T x −∈ −
= : $ cos , 0,l

lx l K
K
π = = 

 
,  K

.
× . • -

 (3).

: ( ) 5cos cos
6 6sT x x x xπ π   = − −   

   
2 3

0 1 2a a x a x x+ + + ( )sT x
 [-1,1].

 – : :

Im

Re
β

β

 K=2 K=4 K=6 =3 =5 =7
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.
{ } [ ]2

1 21 ... , 0 , : 0 .K
K KK a x a x a x a a b a b= + + + + ≠ < <

( ) ( )
[ ]

( )
[ ]

( ) ( )
, ,

, ,  : max max 4K K k k
x a b x a b

T x K P x K T x P x
∈ ∈

∈ ∀ ∈ ≤

( )KT x :

1) KT (0)=1
2) KT )  [a,b],  TK(x)  [-1,1].

 [a,b]  [-1,1]:

2 ; 0 1

2

b
a bx b axb a b a

+
− +

= →− < −
− −

:

 (4) 
[ ] ( ) [ ] ( )

2

, , 2:

a b

K b a
defa b a b

K K

K

x
T

T x T x
b aT
b a

+

−

 −
  
 =

+ − − 
:  (??)

:
[ ] ( ),a b
KT x :

% ( ) ( ) ( )cos 1 2 5 0, 1; 2
2 2 2 2 2

s s s
b a b a b a b ax x s s k x

K
π− + − +

= + = + + = −

: ( ) [ ] ( ), 2

2

0 0,
a b

a b
KK s b a

x
T x T x

+

−

−
= ⇒ =

[ ],a b
KT )  [a,b]:

[ ]

[ ] ( )
( )

,

1,

1 1max
2

a b
K K b ax a b

K b a

T x
T− +∈

−

= ⋅
−

.

 0 a (a+b)/2 b

b-a

2

-1 0 1
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28. (01.04.05)
( )kT x −  (1)

[ ] ( ),a b
KT x −  (4)

- ( )kT x − ,  0  [-1,1] 
 1.

-
[ ] ( ),a b
KT x − ,  0,  [a,b] 

 1.

[ ] ( ) ( )

2 2
,

b ax

k b adefa b
K

b a
k b a

T
T x

T

+
−

−

+
−

−

 
 
 = ,

-  TK(x): xs, s=0,k-1 
$ $ $

0, 0, ; 1, 1l kx l K x x= = = −

- [ ],a b
KT ) % , 0, 1sx s K= − . $$ , 0,lx l K= ;

-1 $$ $$
0 , Kx b x a= = - .

[ ],a b
KT ), . ( )b a

K b a
T +

−
−

.

 TK(x).
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) [ ]

( ) ( )
( ) ( )

0 1 1

1

2 2

... ,
1 cos arccos ..., 1,1

2

1 1
..., 1.

2

K K s

K
K K

K K

K
K K

I T x x x x x x x x

II T x k x x x

x x x x
III T x x x

−

−

= − − − −

= ⋅ = + ∈ −

+ − + − −
= = + ≥

 (III) :

( ) 2 11 1 , 0 ,
2 1

K bK
a

K K K b
a

b aT a b
b a

ρ
ρ

ρ

−−+ +  = < < = −  +

: . 0<a<b, ( )1 ...b a
b a III+

−
< − ⇒ ⇒

:

[ ]

[ ] ( ) [ ]
( )

, ,

2 2,

max ... 2 2max
1 1

K K
KKa b x a b

K K Kx a b

T
T x C

ρ ρ
ρ ρ

∈

∈
= = =

+ +

: 2

20 , 0 1
1

K

Ka b C ρ
ρ

< < < = <
+

: 2 2
2

2 1 2 1 2 1 0 1
1

K
K K K K K

K

ρ
ρ ρ ρ ρ ρ

ρ
< ⇔ < + ⇔ − + > ⇔ ≠

+
, .

1
0 , 1 0 1

1

b
a

b
a

ba b
a

−
< < > < <

+

# 7.14 
.

 Ax=b  A=AT>0 λi(A)∈[λ1,λn]  (1); λ1>0;λn>0
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λ1≠λn – .

: ( )1 , 0,1, 2,... 2s s
s

s

x x Ax b s
τ

+ −
+ = = .  – .

, ,  zK=xK-x*,  z0=x0-x*.

0

Kz
z

, .

: ( ) ( )0 1 0,..., 3K Kz M zτ τ −≤ ,  b,
x0, A  (1). τ0,…,τ -1, 

( )
( )

( )
0 1

0 1 0 1,...,
*,..., * min ,...,

K
K KM M

τ τ
τ τ τ τ

−
− −= ,  (2) 0 1*,..., *Kτ τ −

:  (3) ( )0 1
0

,...,K
K

z
M

z
τ τ −≤ , ,

 - .
 A=AT>0; λi(A)∈[λ1,λn].

( ) ( ) ( )

( ) ( ) ( )( ) ( )( ) ( )
( )

1

0 1

1 1

1 1 1 1 2 0 0

,..., ,

* * *

4 ... ...
s s s s

K K

s s s s s s s s

z Az z

s s s s s s K K K

Q A

x b Ax x x x Ax Ax x x

z E A z E A E A z z E A E E A z
τ

τ τ

τ τ

τ τ τ τ τ τ
+

−

+ +

−

+ − − − −

= − + − = − + −

= − = − − = = − − −

14243 1442443 14243

144444424444443

 z0  zK.
( ) ( )0 1 02 22

,..., , 6K K Kz Q A zτ τ −≤ ⋅

 QK=QK
T, 

{ }2 1,
maxK Ki n

Q Q
=

= = ( )( ) ( )( ) ( )( ){ }1 2 01,
max 1 1 ... 1K i K i ii n

A A Aτ λ τ λ τ λ− −=
− ⋅ − ⋅ − =

[ ]
( ) ( ) ( ){ }

( )

( )
1

1 2 0,

8

max 1 1 ... 1 7
n

K Kλ λ λ
τ λ τ λ τ λ− −∈

= − ⋅ − ⋅ ⋅ ⋅ −
14444444244444443

( ) ( )8 ,KP Kλ= ∈ .  =1; ( )KP λ :λs=1/τs, s=0,K-1(9).

[ ]
( ) ( )

1

* *
0 1 ,
,..., , max min 10

n

KK P
λ λ λ

τ τ λ− ∈
→

( ) [ ] ( )1 ,* *
0 1,..., , n

K KK P T
λ λ

τ τ λ λ− = , :

[ ] ( ) [ ]

[ ] ( ) ( )

( )
( ) ( )

1

1 1

,*
02 2, ,

1
022

1 1
1

1 ; max 11

1 11 2, 0, 1 12 , 13
1 11cos 1 2

2 2 2

n

n n

Ks K
K

n
K

A
s K K

nn n A

z T z
T

s K z z
s

K

λ λ

λ λ λ λ λ

λ

λ

λ

λ

τ λ
λ

µρ
τ ρ

λ λ λ λ π ρ µ

∈
= ≤ ⋅

− −
= = − ≤ = =

+ − + +++ +

:
 (1): A=AT>0, λi(A)∈[λ1,λn] ⇒ ≥1 

 (2), , 
 b, x0, A  (1). .  (12)  (13).

 (2)  (12) .
:
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 (1)  (2)  (12) 

 Ax=b ( )022 2

2 14
1

NK

KN Kz zρ
ρ

 
≤  + 

,  N – 

.

: 2 2

2 21 0
1 1

NK K

K K N

ρ ρ
ρ ρ →∞

 
< ⇒ → + + 

# 7.15 .
=1 . >1
 N ) ,  (

 (7)).  12 , , =12
,  ( =3  4 ); ( =4  3 ); ( =2  6 ); ( =6  2

).

: 2

12 ,
11

KK
A

K
A

µρ
µρ

 −
<  ++  

, , τopt.

29. (6.04.05)
 ( ).

1) τopt  ( >1) .
 Ax=b    A=AT>0 (1)

τopt: ( ) ( )1
1 02 2 2 2

1

1 12, 2 ; ; 3
1 1

K

s s A A
s opt s s K

opt n A A

x x Ax b z z z zµ µ
τ

τ λ λ µ µ
+

+

   − − −
+ = = ≤ ⋅ ≤   + + +   

): ( ) ( )*1
0 0* 22 2

12, 4 , 0, 1; , 5
1 1

K
Ans s

s s K K
s A

x x
Ax b x R s K z z

µρ
τ ρ

τ ρ µ
+ −−

+ = ∈ = − ≤ =
+ +

. 2

12 ,
11

KK
A

K
A

µρ
µρ

 −
<  ++  

>1, (6) ) 

, τopt.

: ( ) ( ) ( )0 022 2 2 2

1 2: 7 ; : 8
1 1

KN NK
A

opt KN KN K
A

z z z zµ ρ
τ

µ ρ
   −

≤ ≤   + +  
) >1 , τopt

%100; 1000x x< < → , %x x< ? – : 5<100; 1<1000.

!  (3)
 (5):

1) ;
2) , ,  (3)  (5) 

, . .
,  (5) :

) : ( )( ) ( )
( )* * *

0 1

* * *
1 2 0 0

, ,..., ,

...

K K

K K K

Q A

z E A E A E A z

τ τ τ

τ τ τ− −= − − −
14444444244444443

( )
( ) 2
...

02 2
max .

KQ

K Kz Q z
=

⇒ ≤
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( ) ( ){ } ( )* *2
1 01,

0 2

max 1 ... 1 **K
K i ii n

z
z

τ λ τ λ−=
≤ − − ≤ , . 

. ( )
[ ]

( ) ( )
( )

[ ]

[ ] ( )1

1 1

,* *
1 0 2, ,

*

12** max 1 ... 1 max ,
1 1

n

n n

K
A

KK K
A

T
λ λ

λ λ λ λ λ λ

µρ
τ λ τ λ λ ρ

ρ µ
−∈ ∈

−
≤ − − = = =

+ +144424443

τ* ,  (*) . 
[ ]

[ ] ( )1

1

,

,
max n

n

KT
λ λ

λ λ λ
λ

∈

$$ , 0,l l Kλ = , λ1 λn,  (**) 
 =.

:  (5) !
:  (5) :

0 12

20 , : ; : 0 ...
1

K
T

K nKA b x z A A Aρ
ε ε λ λ

ρ
∀ > ⇒ ∀ ⇒ ∃ ∃ > − ∀ = < ≤ ≤

+
, .

) 
, .
: 0T

n n
A A

×
= > − λ1 ( . n1) λ2 ( . n2): n1+n2=n

: 1 2 3
.1 . 1

0 ... n
n

λ λ λ λ
−

< < = = = , . , . 

 Ax=b =2),

( ) ( )* * *1
0 1 0,1* 3 22 1 2 1 2 1 2 1 2 1 2 1cos cos2 2 4 2 2 4 2 2 2

1 1 19 ; ; 9s s
s

s

x x Ax b λ λ λ λ λ λ λ λ λ λ λ λπ π
τ τ τ

τ
+

+ − + − + −

−
+ = = = =

+ + +

( )
2

2
1

2 04 2
2

1

12 , 10
1 1

z z

λ

λ

λ

λ

ρ
ρ

ρ

−
≤ =

+ +
( )1

0 1
1 2

1 1, , 11s s
s

s

x x Ax b τ τ
τ λ λ

+ −
+ = = =

( )( )2 0 1 0z E A E A zτ τ= − − , ( )
( )

2 2
0 2

0 2

0, max . .
z

z Q
z

+

≠ ≤
644444474444448

λ1,λ2 – .
( )( ) ( )
( )( ) ( )

1 0 1 1 2

2 0 2 1 2

1 1 .... 1
1 1 .... 1

Q
Qn

λ τ λ τ
λ τ λ τ

− − −
− − −−

1 1 2 2
2 2

1 2 1 2

0 1 1 . ; 0 1 1 . Q
λ λ λ λ
λ λ λ λ

     
= − − − = − − −     

     
⇒  Q2  0  n. ⇒(+)=0 ⇒  (11) 

 Ax=b  2  (11) , 
.

.

Ax=b    A=AT>0 (12) *1
0* , , , 0, 1ns s

s s
s

x x Ax b x R s Kτ
τ

+ −
+ = ∈ = −

 xs  xs+1, x=0,…,K-1. 
.
( ) ( ) ( )

{ }
( )

*

1,

* *
1 1 2 2

max 1

14 max . . . 15

s i
i n

s s s s s sz E A z z E A z
τ λ

τ τ

=

+ +

= −

= − ≤ −
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{ } ( )( )* * *
1max 1 , 1 #7,8 7,9s s n sFτ λ τ λ τ− − = + + −

 (15) , . . τ*s ( )
1
1
1

>

=

<

+ +

 (++) , . ,

:
( )

*

1 1 cos 1 2
2 2 2

1
s n n s

K

λ λ λ λ π
τ + −

+ +
= . 

( )2 1
1 cos 1, cos 1

2 2
K

K
K K

ππ −
>> ≈ ≈ −

* * 1, 0,1, 2,...s s
n

sτ τ
λ

= ≈ − .

* *

1

1, 0,1, 2,...s ssτ τ
λ

= ≈ − .

: ( ) ( )* *
1

1 1max 1 , 1 1s n s
n n

F Fτ λ λ τ
λ λ

  = ≈ − ≈ − ⇒ < 
  

: ( ) ( )* *01

1 1

max 1 , 1 1s s AF F
λλ

τ τ µ
λ λ

  = ≈ − ≈ − ≈ ≈ − 
  

:  A=AT>0 µ >2, ) >>1 
 (  s ≈ K-1,K-2,K-3,…) :

( ) ( ) ( )* *
1 2 2 , 18 1s s s s Az F z Fτ τ µ+ ≤ ≈ −

: ,  ( ), >>1, 
,  [0,1]×[0,1]  n=m>>1, 

 n2/4.
: (1000×1000)  106×106 ⇒  106/4

!
,  xK, 

, , , 
, , 

].

30. #7.16 ,
.

, 
 ( ) .

, .
)*:    Ax=b (1);  A=AT>0: λ*1≤λ2≤…≤λ*n (2) – .

( )
( )

* * * *
1 1

**1
0**

cos 1 22 2 2

1, 3 0, 1
n n

ns s
s s

ss K

x x
Ax b x R s K

λ λ λ λ π
τ

τ
+

+ −
+ ⋅ +

−
+ = ∈ = = −

 (3)  (1): ( ) ( )
( )

** **
1 0 0

...

...

K

K K

Q

z E A E A zτ τ−= − ⋅ ⋅ −
14444244443

( ){ } ( ) ( ){ }** **2
0 1 02 1,

0 2

0, : max . . ... max 1 ... 1K
K K i ii n

z
Q

z
τ λ τ λ−=

≠ ≤ = − − ≤
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[ ]
( ) ( )

( )

( )
( )

( )
( )

* *
1 1

**

*

* * *
1 1

* *
1

**
** **

1 0, ,
. , 0, 1;

,

2,

, 0, 1
max | 1 ... 1 | max

, ...

2 *
max 1, *

1 *

n n

s K

n

n

n

s
K K

K
s K P

K def

K K

s K
P

P T

T

λ λ λ λ λ λ

τ λ

λ
λ λ λ

λ λ λ

τ
τ λ τ λ λ

λ

ρ
ρ

ρ

−∈  ∈ 
= −

 
 

 ∈ 

 = −
≤ − ⋅ ⋅ − ≤ = =  = 

= = < =
+

14444244443

*

*
1

1
, 0 * 1

1nλ

λ

ρ
−

≤ <
+

:
( )
( )

( )2
2

0 2

2 *
1 4

1 *

K
K

K

z
z

ρ

ρ
≤ <

+
:

)*  Ax=b 

x0∈Rn  (4),  (5):
( )
( ) 022 2

2 *
0

1 *

NK

KN K N
z z

ρ

ρ →∞

 
 = ⋅ →
 + 

:
1. , .

2. : 022 2

2
1

K

K Kz zρ
ρ

= ⋅
+

.

, :
( )
( ) 022 2

2 *

1 *

K

K Kz z
ρ

ρ
≤

+
, .

:

:9 5 2
1) 9 75 13 3
2) 13 82 3 7
3) 7 50T

zA
z G

z
zA A

 
  − ≤=   ∈  − ≤ 

− ≤= >
. ⇒ .

{9±7,13±8,7±5}  max=21, min=2 ⇒ λ1*=2, λ3*=21.
#7.12. . .

, 
.

( ) ( ) 11 , det 0; 2 s s
s

x xAx b A Ax b
τ

+ −
= ≠ + =

τ:  (2)  (1): ( ) ( )1 3E Aρ τ− <

:
1) ; λi – , i=1,n ⇒ τλi – τ , i=1,n.

:

1-τλi –  E-τA, i=1,n; ( ) ( )
1,

max . . .
def

i n
E A E Aρ τ τ

=
− = −

( )min ; maxi ir Rλ λ= = ⇒

.
τ  |τ|r, |τ|R.

r
R
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 (E-τA).  (3)
 E-τA  (

).
:

τ>0, |τ|<1 τ :
⇒  E-τA 

:
⇒ , 
E-τA .

:
, τ, 

.
: λi>0, i=1,n; τλi>0;   1-τλi<1;

τ>0 :
⇒ .

 2:
λi, λj ,  (Re λi)(Re λj) <0, 

τ.
 3:

 ic, -ic, τ.
, .

β β .

:
: detA≠0 , 

β , β∈(0,π/2)⇒ τ<0,
, .

:
. τ , 

. ⇒ .

.

:.

:.

:. :.

, . #6
:

T

A v F
A
A A

=

−

≠

x

y
τ<1 τ>1

x

y

1

x

y

x

y

x

y

x

y

.
E-τA

x

y

β

β x

y

β

β

1

1/h2 1/h2

1/k2

1/k2

A

2

A#
B#

E#

C#
D#
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: ( 1), ( 2).

A<0, A#<0 # # # # # 1 1
2 2

2
h k

A B C D E A  
 + 
 

= + + + =

:.,  1  – 
. ,  2-
.

:
,  1- :
,  2- :

,
, 0- ⇒ β

(β∈(0, π/2)) :.
:

: :.A v F=
, τ<0 .

:  #7.16  A=AT>0,
.

#7.17 
.

: Ax=b;  A=L+D+R;       (D+L)(xs+1-xs)+Axs=b;        xs+1-xs+(D+L)-1Axs=(D+L)-1b.
:
 – , : (D+L)-1Ax=(D+L)-1b.

( )( )1 1E D L Aρ −− + <

31.
 Ax=b (1) detA≠0  CAx=Cb

(2).   (2).  (detC≠0)
.

, 
. 

.
, 

,  2- .
 ( ) 

, ,  #7.12.
 1950 « », )

#7.18 .
( ) ( )

( ) ( ) ( ), 2 , min,
1 2

0, * ,

n

T T n

F x Ax x b xAx b x R
A A x A A n n b R

 = − → = ∈ 
 

= > − = × ∈  
:

 (1)  (2) . ∃!x*, ∃!x**, x*=x**.
: . detA≠0,  x* ∃  ! ∀b; ∀h∈Rn, ∀x∈Rn

( ) ( )( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( )

( ) ( ) ( ) ( )
,

, 2 , , 2 , , , , 2 ,

, 2 , 3

Ax h
F x h A x h x h b x h Ax x b x Ah x Ax h Ah h b h

F x Ah h Ax b h

=

+ = + + − + = − + + + − =

= + + −

 x=x* -  (1), ∀h∈Rn, h≠0,  x=x*+h

#

#
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0 0

4 * * , 2 * , * 0 * . . 0, 0.

. : * *  2 !  x*.

F x F x h F x Ah h Ax b h F x F x F x h A

x x F x F x
>

= + = + + − = + > > ≠ >

∀ ≠ > ⇒ ∃

123 1442443

:  (1)  (2).
:

 h’,h”∈Rn ,  h’≠0, h”≠0 , 
A=AT>0,  (Ah’,h”)=0.
h’  h” : ( ) ( ) ( ) ( )0 ', " ', " ', " ", ' 0TAh h h A h h Ah Ah h= = = = =

:
 ( ) h0, h1,…,hK-1∈Rn

 A=AT>0, ∀i,j: i≠j;  i,j=0,K-1    (Ahi, hj) =0
 BC(A=AT>0) – .

:
 h0,…,hK-1  BC(A=AT>0), -

.
: :

1

0

: . . 0 0,
K

j j i i j l
i
i j

h h h h l jα α
−

=
≠

∃ = ≠ ⇒ ∃ ≠ ≠∑

( ) ( ) ( )
1 1

0 0 0
0

, , , 0
K K

j j i i j i i j
i i

i j

Ah h Ah h Ah hα α
− −

= = =
> ≠

 = = = − 
 
∑ ∑

14243
.

:
 h0,h1,…,hn-1∈Rn  BC(A=AT>0)   Rn.

 A=AT>0  h0,h1,…,hn-1 BC(A=AT>0) k≤n, :  x0 –
 Rn.

( )

( ) ( ) ( )
( )

( )

0 0 1 0 0 0 1 1 1 1 0

1

0
0

21

0 0
0

, ,..., { ... }, , , 0, 1

, ...

def
n

n k k i

k

i i
i

k

i i i i
i i

L x h h x h h h x R R i K

x x h

F x x L F x F x h F x A h

α α α α

α

α α

− − −

−

=

−

= =

= + + + + ∈ ∈ = −

= + −

 ∈ = + = + 
 

∑

∑

14444244443

( ) ( ) ( )( ) ( )

1 1

0 0

1 1
2

0 0 0
0 0

,

2 , , 2 , 5

k k

i i
i

k k

i i i i i i i
i i

h

Ax b h F x Ah h Ax b h

α

α α α

− −

=

− −

= =

  + 
 

 
+ − = + + − 

 

∑ ∑

∑ ∑
( )

( )...
min , n

x L
F x x R

∈
→ ∈

 (5) , , 
 hi.  L(…) ,  hi –

 (5) αi. 
2 2i iA Bα α+ ⋅

:
( )

( )
0 ,

,
i

i
i i

Ax b h
Ah h

α
−

= −
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:
 A=AT>0  hi – BC(A=AT>0)   x0∈Rn  L(x0,h1,…hn-1)

: ( ) ( )0 0 1min, , ,..., nF x x L x h h −→ ∈
1

0
0

,
n

i i
i

x x x h
−

=

= + ∑
 i αi :

( ) ( ) ( ) ( )
( ) ( )02

0

,
, 2 , min 6 , 0, 1 7

,i

i
i i i i i iR

i i

Ax b h
Ah h Ax b h i k

Ah hα
α α α

∈

−
+ − → = − = −

:
 A=AT>0  h0,h1,…,hn-1 - BC(A=AT>0) ⇒  (2)  x*∈Rn:

( )
( )

1
0

0
1

,
* , , 0, 1

,

n
i

i i i
i i i

Ax b h
x x h i n

Ah h
α α

−

=

−
= + = − = −∑

:
h0,h1,…,hn-1 –  Rn ⇒ ∀x∈Rn ∀x0∈Rn

( ) ( )
1 1

0 0 0 0 1
0 0

, ,..., 8
n n

n
i i i i n

i i
x x h x x h L x h h Rα α

− −

−
= =

− = ⇒ = + ≡∑ ∑
:

1)  A=AT>0  n – , 
 Rn  n 

: ( ) ( )2
0, 2 , min

i
i i i i i R

Ah h Ax b h
α

α α
∈

+ − →

2)  hi,  (1)  (2 

:
( )

( ) ( )0 ,
8*

,
i

i
i i

Ax b h
Ah h

α
−

= −

3)  A=AT>0 hi, i=0,n-1, x0 :
( )

( ) ( )
1

0

,
, 9

,

n
i

i i i
i i i

b h
x h

Ah h
α α

−

=

= =∑

# 7.19 .
 (1)  (2). 

.  x0  x0=0. 
 x0≈x* -  (  (1)  (2)).

32.
( ) ( )

( ) ( ) ( ), 2 , min,
1 2

0, * ,

n

T T n

F x Ax x b xAx b x R
A A x A A n n b R

 = − → = ∈ 
 

= > − = × ∈  
x0∈Rn – .

: x0∈Rn;   x1=x0+α0h0, h0=-r0=-(Ax0-b).
α0 – ( )

0
0 0 0 0 0min ,

R
F x h x h

α
α

∈
+ → − .

( ) ( ) ( ) ( )

( )
( )

( )
( ) ( )

0

2
0 0 0 0 0 0 0 0 0 0

0 0 0 0
0 1 1

0 0 0 0

, 2 , min

, ,
4 , ,

, ,

R

def

s s s s s s s s s s

F x h F x Ah h Ax b h

Ax b h r h
x x h h r h r Ax b

Ah h Ah h

α
α α α

α α β

∈

+ −

+ = + + − →

−
= − = − = + = − + = −

βs ,  hs  hs-1  A=AT>0:

( ) ( ) ( ) ( ) ( )
( ) ( )1

1 1 1 1 1 1
1 1

,
, 0 , , , 0 5

,
s s

s s s s s s s s s s s s
s s

Ah r
Ah h Ah r h Ah r Ah h

Ah h
β β β −

− − − − − −
− −

= = − + = − + = ⇒ =
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αs : ( ) min,
s

s s s s sR
F x h h

α
α

∈
+ → −

. ( ) ( ) ( ) ( )2 , 2 , min
s

s s s s s s s s s s R
F x h F x Ah h Ax b h

α
α α α

∈
+ = + + − →

( )
( )

( )
( ) ( )

, ,
6

, ,
s s s s

s
s s s s

Ax b h r h
Ah h Ah h

α
−

= − = −

:
:  xs ,  rs=0⇒xs=x*( ).

:
 r0,…,rs≠0,  h0,…,hs – BC(A=AT>0),  r0,…,rs :

(ri,rj)=0, i≠j.
: .

:
 r0,…,rs≠0,  (6)  (7)  #7.18.

: ( ) ( ) ( )
1

0 0
0

, , , ,
s

s s i i s s s
i

Ax b h A x h h b h Ax b hα
−

=

  
− = + − = −  

  
∑ .

:
( )

( ) ( )0 ,
7 *

,
s

s
s s

Ax b h
Ah h

α
−

= −

: (A=AT>0). 

xs=xs-1+αs-1hs-1. 
1

0
0

s

s i i
i

x x hα
−

=

= + ∑  min F(x) 

( )0 0 1, ,..., sx L x h h −∈ .  #7.18.
: ,  s=n-1,  F(x) → min, x∈R,

.  Ax=b.
:

1) , , . 
,  n .

2)  n , , 
.

3)  h0,…,hs-1
 « ». , 

, ). :
:

( ), , 0 .T
A Ax Ax x A A x= = > −

:
, *K Kz x x= − , * - 

(1)  (2) , 

: 02

2 ,
1

K

K KA Az zρ
ρ

≤
+

ρ - µ .

: .

33. #7.20 .
:

) ;
) ;
)  – ;
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( ) ( ) ( ) ( )1 , * 2 , *ndxAx b x Ax b x t R t x
dt

= − = − ∈ ⇒ −  (2).

1. ,  (1),  (2)
* -  (2),  x(t) → x*, t→∞

. : ( )( )Re 0 1,i A i nλ < =
2.

. 
,  60- , 70- , 

:
a. ;
b. ;
c. .

, . 
: , ,

.
.

3. : , 
,  (2003?)

:
 10×10  1000 , 

.

4. :
{{

1 2

1 2

. .

A

A
Th C

x x x x
A A A A

∞

∞14243

, 
.

 #7 .
x

∞
- .

, 
. 

1
A A

∞

1
x x

∞

, . . 
, .

( )

( ) ( ) ( ) ( )

2 2 2
1 221,

2 2 2

2 2

max , ...

*

i ni n
x x x x x x x x

x n x x x x n x

∞ =

∞ ∞ ∞ ∞

= = = + + +

≥ ≥ ⇒ ≤ ≤

 (*) 
. : , 

( ) 6 6
2

0.3 10 0.3 10 , .sz z n− −

∞
= ⋅ ⇒ ≤ ⋅ ⋅ −

. . 
.

#8.1 .
 – 

, ). , 
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, .
, , ,

, .
 2 : . 

, 
.

, ,
.

 y(x) .
(xi,yi), i=1,n –  (1); x – ; y – .
n – .

2
0 1 2 ... k

ky a a x a x a x= + + + + −  k (2)
$

$ ( ) $ $ ( )0 1

 ;  y.

... 3 4

i i
def def

k
ii k i ii i

y y y

y a a x a x y yε

− −

= + + + = − −

 (2)  (1) , 
:

( ) $ $( ) ( )( ) ( )
de 2 22

0 0 1
1 1 1

,..., ... 8
n n nf

k
ik i i i k ii

i i i
S a a y y y a a x a xε

= = =

= = − = − + + +∑ ∑ ∑
( )

( )
( )

1
0

0
,...,

,..., min 6
k

k
k a a R

S a a
+∈

→

 S  (1) 
, 0,ja j k= .  (2)  (1) 

.  (6) : ( )0, 0, 7
j

S j k
a

∂
= =

∂
:

 (1),  (*),  (2),
, 

ja ,  (7).
(7) – :

( ) ( ) ( ) ( )

( )

0
1 2

2
1 1 1

2
2 2 2

2

1
1

13*

1
k

k

k

k
n n n

x x x x

x x x
x x x

x x x

 
 
 

− 
 
 
  

L

L

L

M M M O M

L

 (*):
(1) , ( ) ( ) ( )0 1, ,..., kx x x  (8)  – .

,  (7) :

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( )( )

( )( )
( ) ( )

00 0 00

1
1 2

0

, , ,

9 , ,...,

, , ,

k
def

n

k k k k
k

ax x x x x y
a

y y y y

x x x x x ya

    
    
    ⋅ = =
    
    

    

K

M O M M
M

L
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 (8) ,  (9) 
, , →  (9) 

.

34.
:  (xi, yi) i=1,n –  (1)

0 1 ... k
ky a a x a x= + + + −  (2).

$ ( ) $
0 1, 1,  .  : ... , 1,

def
k

i i k ii iy i n y y y y a a x a x i n= = + + + =

 (1)  (2) , : ( )
( )

( )
1

0
0

,...,
,..., min 6

k
k

k a a R
S a a

+∈
→ , 

( ) $( ) ( )
2

0
1

,..., . 5
ndef

k i i
i

S a a y y
=

= −∑ αj,  S.

:

1) ( )0
0

' ,..., ,...,
T

k
k

S SS a a
a a

 ∂ ∂
=  ∂ ∂ 

2) ( )

2 2

2
00

0
2 2 2

2
0

" ,...,
k

k

k k

S S
a aa

S a a
S S

a a a

−

 ∂ ∂
 ∂ ∂∂ 
 =
 

∂ ∂ 
 ∂ ∂ ∂ 

K

M O M

L

3) ( )0' , ..., 0kS a a =
.

( ) ( ) ( )* * * * * *
0 0 0' ,..., 0 " ,..., 0, ,...,k k kS a a S a a a a= > − .

4) ( )0 ,..., kS a a  - .  ( * *
0 ,..., ka a )

 S’=0  S”>0 ⇒  S.
:  ( * *

0 ,..., ka a ) ( ) 1
0 ,..., k

ka a R +∈
:

( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )* * * * * *
0 0 0 0 0 0 0

*

1,..., ,..., ' ,..., , ,..., " ,..., ,..., , ,..., , 10
2

, 0,

T T T
k k k k k k k

j j j

S a a S a a S a a h h S a a h h h h

h a a j k

= + +

= − =

(10) –  S  ( * *
0 ,..., ka a ), , . 

. ( ) ( ) ( ) ( )* *
0 0 0,..., ,..., , ,..., 0, " , 0T T

k k ka a a a h h S h h≠ ≠ >

( ) ( ) ( ) ( ) ( )* * * *
0 0 011 ,..., ,..., 0 0 ,...,k k kS a a S a a S a a= + + > >

 (11) ,  ( * *
0 ,..., ka a ) – . , 

,  S’=0  S”.

( ) ( )( )

( )( ) ( )

( ) ( )( ) ( )

2

0 0 1 1 j
1

0 1
1

0 1
1 1

,..., ... min  a .

2 ... , 0,

0, 0, 12 ... , 0,

ndef
k

k i k i
i

n
jk

i i k i i
ij

n n
j ji

i k i i i i
i ij

S a a y a a x a x S

S y a a x a x x j k
a

S j k a a x a x x y x j k
a

=

=

= =

= − + + + → −

∂
= − + + + =

∂

∂
= = ⇒ + + + = =

∂

∑

∑

∑ ∑

http://www.vmkfree.narod.ru


,    : .                                            2004-2005 .

. www.vmkfree.narod.ru 79

, , ,

 aj: ( ) ( )
$( )

( )

( )

( )

( ) ( )10

1
0 1

1 1 1 1

, , ,,

13 ... , 0,

j k j jj

n n n n
j j j k

i i k i i i
i i i i

x x x x x yx x

a x a x a x y x j k+ +

= = = =

+ + + = =∑ ∑ ∑ ∑

,  S’=0  (13).
,  (13)  (9):

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( )( )

( )( )
( ) ( )

00 0 00

1
1 2

0

, , ,

9 , ,...,

, , ,

k
def

n

k k k k
k

ax x x x x y
a

y y y y

x x x x x ya

    
    
    ⋅ = =
    
    

    

K

M O M M
M

L

 (9) ( ) ( )( ) ( )0 ,..., *kx x . 

 (*), 
. Gr>0  detGr≠0 ⇒  (9) ⇒

. ( )* *
0 ,..., ka a  - , 

. ( )0" ,..., kS a a

: ( ) ( ) ( ) ( ) ( ) ( )( )
2

1 1.

2 1 2 2 ,
n n

j l j l
i i i j l

i ij l

S x x x x x
a a

+

= =

∂
= − − = =

∂ ∂ ∑ ∑

 S”  j  l ⇒ ( ) ( )* * * *
0 0" ,..., " 2 0 ,...,k kS a a S Gr a a= = > ⇒ −

. .

1.  (xi,yi) i=1,n (1) ( )0 1 ... 2k
i k iy a a x a x= + + +

:
2

1 1 1
2

2 2 2

2

1
1

1

k

k

k
n n n

x x x
x x x

X

x x x

 
 
 =
 
 
  

L

L

M M M O M

L

, , 

 (9);
2. ∀i≠j  xi≠xj – ,  (9) 

!
3.  – .  S  

0, 0,
j

S j k
a

∂
= =

∂
.

 (xi, yi) i=1,n 0 1 ... k
ky a a x a x= + + + . 

:
1. .

$ $( )
( )

2

2 1

2

1

n

i
n

i

y y
R

y y

=

=

−
=

−

∑

∑
, ( ). $

$

1 1,

n n

i i
i i

y y
y y

n n
= == =
∑ ∑

: 0≤R2≤1.  R2  1,  (2)  (1).
2. :
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$( )
( )

1

1

n

i i
i

y y
s

n k
=

−
=

− +

∑
, n – , k – .  S 

.
3. $ $

i i iy yε = − − .  y- $ε $ $y ε−
. , 

 y(x),  (2).
4.  ( , 

).
 k  n.

1.  k=n-1,  –  (
).

2.  k , ∀i≠j xi≠xj
, .  (9) 

,  k .
3. ,  k , .

:  k , .

35. #8.1 
 k.

, :
$ ( )1

0 11 ... *k
ky a a x a x= ⋅ + + + ( )0 ,..., minkS a a →

,  S , 0,ja j k=

0
j

S
a

∂
=

∂
 S”>0.

, 
 (*), . : 1, x, x2, …, xk :

ϕ0(x), ϕ1(x),…,ϕk(x).  (*) ϕ0(x)=1, ϕ1(x)=x,…, ϕk(x)=xk.
:

 k  x 
: $ ( ) ( ) ( ) ( )0 0 1 1 ... 14k ky a x a x a xϕ ϕ ϕ= + + +

, , 1,i ix y i n= −  (1); yi, i=1,n –  y; $ , 1,iy i n= − .

$ ( ) ( ) $ $ ( ) ( )
1

0
0

,...,0

15 ; ; ,..., min 16
k

k

k def

ij j i i ki i a a Rj

y a x y y S a aϕ ε
+∈=

= = − − →∑

( ) $( ) ( ) ( )
2

2

0
1 1 0

,..., 17
n n kdef

ik i j j i
i i j

S a a y a xε ϕ
= = =

 
= = − ⋅ 

 
∑ ∑ ∑

,  (17) j, 
.

ln x

ex

-cos x
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( ) ( ) ( )
( ) ( ) ( )

( )
( )

( )
( )

( )
( )0 1

0 1 1 1 1

0 2 1 2 2

0 1

k

k

k

n n k n

x x x
x x x

x x x
ϕ ϕ ϕ

ϕ ϕ ϕ
ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ

 
 
 
 =
 
 
  

L

L

M M O M

L

ϕ ,  (16)
:

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( )( )

( )( )
( )

1 0
0 0 0 0

2 1

0

, , ,

19

, , ,

k

k k k k
n n

y a y
y a

y

yy a

ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

      
      
      = × =
      
      

      

L

M O M M
M M

L

 (14) , 
,  - .

: xi, yi, i=1,n – ,  y(x) – 
.  1 .

⇒ .
:  20- , 

 I ( $)  K ( $)   L (
$).  : ( ), , , 20*y K Lβ γα α β γ= −

( )ln ln ln ln 20y K Lα β γ= + +

, ,i i iK L y : % ln , ln , lni ii i iiy y K K L L= = =
,  (2) :

%y K Lα β γ= + +

0 0 1 1 2 2, 1; , ; ,a a K a Lα ϕ β ϕ γ ϕ= = = = = =
 (20*) – .

, 
.

: :
, ,

. $ $ 2
0 1 0 1 2,y a a x y a a x a x= + = + +

# 8.2 .
: ,  F 

. ( ) ( )1 2F F .

( ) ( ) ( )
. . 1

1

.
1 0,p pF F Ah o h A const h

−

= + + = ≠ −
644474448

( ) ( ) ( )2

. . 2

, 0 2
2

p
phF F A o h p

−

 = + + > − 
 1442443
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( ) ( ) ( ) ( ) ( ) ( ) ( )1 21 2
2

p
p p p phF Ah o h F A o h o h = + + = + + − 

 
,

. ( ) ( ) ( )1 2 3
2

p
p hF Ah F A + = +  

 
, 

, , (3) 
 2- .

( ) ( )
( ) ( )

( )
( )

2 1
2 1

1
2

11 4
2 1

p
p p

p

F F
F F Ah Ah

  − − = − ⇒ =     − 

. 

 2- ( ) ( )2 5
phA . 

 F:
( ) ( ) ( ) ( )

( )
2 1

1 1

1
1

2

6p

def F FpF F Ah F −

 − 
 

= + = +

: , 
 o(hp).

: 100h+0.1h2 – ok.
10-6h+1012h2 – .

36. .
.

( )

( )
( )

0 0

,
1

du f x u
dx
u x u

 = −
 =

 (1):  (x,u) 

 (x0,u0).
(xi, ui), i=0,1,2,… -  (1)
(xi, vi), i=0,1,2,… -  (1). (x0,v0)=(x0,u0)

.
hn=xn+1-xn

1

def

n nh x x+= −  -  xn  xn+1.
 x∈[x0,x0+T] 

– ,  ( , ∞,
).

, ε* -   
.

ε*:  (xn, vn)  (xn+1, vn+1) ,  xn+1≤x0+T:
: x0+T-ε*≤xn+1≤x0+T,

 (xn+1, vn+1), .
.

(2) v0=u0;
 xn+1=xn+h  (h , );
 vn+1=vn+hf(xn,vn)            1768 .

h0 h1 h2

x0 x0+T-ε* x0+T
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: ( )
( ) ( )

0 0

1

0 0 1

5
1

5 1 5 , 0,1, 2,...
n n

n n n n

v udu u
dx x x h
u x u v v hv v h n

+

+

= = = +
 = = + = + =

:

( ) ( ) ( ) ( )1 1

1 1

 1-
, 1*

 u x 
n n n n

n n n
nn n n n

u u u udu x f x u
xx x dx x x

+ +

+ +

− −
≈ − =

− −

 (1*)  (1),  u
 v: ( ) ( )1 1 ,n n n n n nv v x x f x v+ += + − .

:
 (1),  u(x) – ,  (x0, u0) ⇒ f(x*, u*)

 u’(x*) –  L  (x*,u*).
 (xn,vn) -  , .  (x,u)  vn

:

( )

( )
( )

$ ( )
$ ( ) $ ( )1 1

,
3

n n

n n

du f x u
dx
u x v

u x

u x u x x+ +

 =

 =

−

−

tg β - f(xn,vn) – β ,
: ( ) $ ( )( )1 1, ,n n n nx v x u x+ + )

, :
$ ( ) ( )1

1

4
def

n n

n n

u x v
tg

x x
β+

+

−
=

−
. ( ) ( )1

1

, 4 *n n
n n

n n

v v f x v
x x

+

+

−
=

−
.

 (4)  (4*) , , 
.

,  (4), 
,  –  (4*).

,  tg β
.

.

( )

( )
( )

0 0

,
1

du f x u
dx
u x u

 =

 =

 2- :

1.
( )

1 0 0

1 , ,
2 2

n n

n n n n n n

x x h v u
h hv v h f x x f x v

+

+

= + =

  = + ⋅ + + ⋅   

2. ( ) ( )( )
1 0 0

1

,

, , ,
2

n n

n n n n n n n n

tg

x x h v u
hv v f x v f x h v hf x v

β

+

+

≈

= + =

  = + + + + 


14444444244444443

 4-  ( , ).

xn xn+1 x

tg α=f(xn,vn)β

vn+1

$ ( )u x

$ ( )1nu x +

u
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1. ( )

( ) ( )

1 0 0

1 1 2 3 4

1 2 1 3 2 4 3

2 2
6

, ; , ; , ; ,
2 2 2 2

n n

n n

n n n n n n n n

x x h v u
hv v k k k k

h h h hk f x v k f x v k k f x v k k f x h v hk

+

+


 = + =

 = + + + +

    = = + + = + + = + +   

   
2. ( ) ( ) ( )( )1 1 1 2 2 ...n n q qv v h p k h p k h p k h+ = + + + +

q – ;    p1, p2, …, pq –   k1(h)=f(xn,vn)

( ) ( )
1

1
,

q

q n q n qi i
i

k h f x h v h k hα β
−

=

 
= + + 

 
∑

α1,α2,…,αq βji – .

.
p* α* β**

1  p1 -  -
2  p2 α2 β21
3  p3 α3 β31 β32

… … … …
q  pq αq βq1 βq2  … βqq-1

 4- :
p* α* β**

1 1/6 - -
2 1/3 ½ ½
3 1/3 ½ 0,1/2
4 1/6 1 0,0,1

: .

( )
( ) ( )

( )

0 0

0 0 1 1

2
1

' 5
.

, ; ...,... ; , 5

5 5 5 5, 1 5 ; 5 1 1 5 1 1 5
2 2 2 2 2

n n n n n n n

n n n n n n n n n

u u
I

u x u

v u x x h v v h f f x v v

h hv f x v v v v h v h v h h v h h

+ +

+

=
 =

= = + = + ⋅ =

  ⋅       + = + = + ⋅ + = + + = + +                
.

.

( )

( )0 0

,du f x u
dx
u x u

 =

 =

 (xn,vn),  (3):

( )

( )
$ ( )

$ ( ) $ ( )1

,
(3).

n n

n

du f x u
dx u x
u x v

u x u x+

 = −
 =

−
xn xn+1 x

arctg F(…)β

vn+1

$ ( )u x

$ ( )1nu x +

u

vn
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 (4), $ ( )
$ ( )1

1

: n n

n n

u x v
u x tg

x x
β+

+

−
=

−

: ( ) ( ) ( )1
1

1

, , 5 , ,n n
n n n n n n

n n

v vv v h F x v h F x v h
x x

+
+

+

−
= + ⋅ ⇒ = −

−
. tg β.

:
 (5)  p,  F(xn, vn, h)-tgβ = 0(hp) –  p.

37.
. .

( ) ( )

( ) ( ) ( ) ( )0 0 1

11
0 0

,,
1 , , ,

, ,

q
n n

n n i i
in n n n

du v u x x hf x u
dx F x v h p k h

v v h F x v hu x u

+

=+

 = = +=   = ⋅  = + ⋅ =
∑

( ) ( ) ( ), , 0,1, 2,... , , 0,1, 2,... 1i i i ix v i u u i= − = −
:

 xn+1  En+1=un+1-vn+1,   (6) un+1 –
 (1)  xn+1.

:
,

:
( )

( )
$ ( )

,
(3).

n n

du f x u
dx u x
u x v

 = −
 =

: $ ( ) ( )1 1 1 7n nu x v+ + += −
, , 

.
:  p+1:

n+1=0(hp+1).
:

$ ( ) $ ( ) ( )( )
$ ( )( ) ( )

1 1 1 1

1

, ,

, ,

n n n n n n n

n n n m

e u x v u x v hF x v h

u x v hF x v h

+ + + +

+

= − = − + =

− − =

$ ( ) ( )
( )( )

( )
( ) ( )

1 1

1

0 . . ( )

, , 0 0
p

n n n n

p p
n n

p def

u x v x x tg

h tg F x v h h h h

β

β

+ +

+

−

− = −

= − = ⋅ =
144424443

: ( ) ( )1 1
1

. .

, p p
n n ne A x v h o h+ +

+ = ⋅ +
1442443

.

 p, , ( )
1

q

i i
i

p k h
=
∑

 h,  tg β  h  0(hp).

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) [ ]

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) [ ]

2 1
1

1 1

1
1

1

' " ... , ,
2 ! 1 !

' " ... , ,
2 ! 1 !

s s
s s

n n n n n n n

s s
s s

n n n n n n

h h hu x u x hu x u x u x u x x
s s

h h hu x h u x u x u x u x x
s s

ξ ξ

ξ ξ

+
+

+ +

−
+

+

= + + + + + ∈
+

 
= + ⋅ + + + + ∈  + 

xn xn+1 x

vn+1

$ ( )u x

$ ( )1nu x +

u
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 u(x) : ( ) ( ) ( )3 , , n n
du f x u u x v
dx

= =

( ) ( ) ( ) ( )

( ) [ ] ( ) ( )

( ) ( ) ( )

' , ; " , ' ' . ' '

" ' ' ; ,

''' ' ' " " ...

n
n

n n n x u x u

l
x xn x u n n n
u u

x u xx xu

d duu x f x v u x f x u f f f f f
dx dx

u x f f f u x x v

du x f f f f f f
dx

=
=

⇒ = = = + = + ⋅

= + ⋅ −

= + ⋅ = + ⋅ +

 u(x) –  (3), ( ) $ ( ) ( ) $ ( )1 1 ,n n n n nu x u x u x u x v+ += = =

( ) ( ) ( ) ( ) ( )1 , ' ' ... 0 9
2 n

n

def
n n s

xn n x u
v

u x v htg f x v f f f h
h

β+ −  = = + + ⋅ + + 
 

-  tg  h. , , 
 2- .

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ), *, * * ' *, * ( *) ' *, * * * 10x uf x u f x u x x f x u u u f x u o x x u u= + − + − + − + −

: : ( )

( )

1

, ,

. ,
2 2

n n

n n n n n n

F x v h

h hI v v h f x v f x v+
 = + + + 
 14444244443

( ) ( ) ( ) ( ) ( ) ( ), , , ' , , ' , 11
2 2 2 2n n n n x n n n n u n n
h h h hF x v h f x v f x v f x v f x v o f = + + + + 

 
 (9)  (11):

 (9),  s  s=2 ⇒ (9)  (11)  2- ⇒
 I  2- .

:  II.
.

 p 
ε, . 

11 nnv v ++
$$ ,  vn+1  . 

,  xn c  h/2.
,  vn – 

 2 .
( ) ( )
( ) ( )

( ) ( )

1 1

1/ 2 1/ 2

11 1 / 2 1/ 2

, , .

, , / 2.

, , / 2.

n n n n

n n n n

nn n n

x v x v c h

x v x v c h

x v x v c h

+ +

+ +

++ + +

−

−

−$$

: ( )1 1 12
2 1

n n
p

v vS + +−
=

−

$$

1) 1 ,
2p Sε

ε+ ≤ ≤  (xn+1,vn+1) – .

2) |S|>ε,  h  (xn, vn).

3) 12 pS ε
+< ,  (xn+1, vn+1) – ,  h .

: , .

 xn xn+1/2 xn+1 x

vn
 h/2

vn+1/2

vn+1

1nv +
$$

 h/2

 h
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 (12) .
.

$ ( ) ( ) ( )1 1
1 1 1 ,

def
p p

n n n n ne u x v A x v h o h+ +
+ + += − = + −  h.

$ ( ) ( )
1 1

1/ 2 1/ 2 1/ 2 ,
2 2

P Pdef

n n n n n
h he u x v A x v o

+ +

+ + +

    = − = +          
:

( )

( )
$$ ( ) ( )

1/ 2 1/ 2

,
13

n n

du f x u
dx u x
u x v+ +

 = −
 =

$ ( ) $ ( ) $$ ( )
( )

$$ ( )
( )

( )
1

1 1

1 11 1 1 1 1/ 2 1/ 2

. 2 .
1/ 2 . .

,
2 2

n

p p

n nn n n n n n

c x

h hu x v u x u x u x v A x v o
+

+ +

+ ++ + + + + +

= −

    − = − + − = +          

$ $$ $
1442443 1442443

$ ( )

( ) ( )

1/ 2 1/ 2 1/ 2

1 1 1 1

1:1) , 2)
2 2 2 2

n n n

p p p p

n n n n n

e u x v

h h h he A x v o c A x v o

+ + +

+ + + +

+

= −

          = + = +                       

$$

:

$ ( ) ( ) ( ) $ ( ) ( ) ( ) ( )
1 1

1
11 1 12 , 15 ; , 14

2 2

p p
p p

nn n n n n n n
h hu x v A x v o u x v A x v h o h

+ +
+

++ + +

    − = + − = +         

$$

, .

( )11 1 1
1 1

11 2 16
2 2 1

p
np p pn

n n p

v vv v Ah Ah ++ + +
+ +

  − − = − =    −  

$$$$

:
 (5)  (12) 

: ( )1 11
1 2

2 1
n p pn

n p

v ve o h+ ++
+

−
= +

−

$$
.

: ( )1
1 2 17

2 2
n p

p p

eε
ε+

+ ≤ ≤

38.

( ) ( )

( )
( )

( )
( ) ( ) ( )

0 0
1 1

1 1
1

0 0 1

,
1 5 ; , , ; 12

2 2 1
, ,

q
n n

n n n n i i p p
i

n n n n

v udu f x u v vdx x v h F x v h p k h
u x u v v h F x v h

ε
ε

+ +
+ +

=

+

 = = − = + = ≤ ≤ 
− = = + ⋅ 

∑
$$

11 nnv v ++
$$  xn+1.

 (12): ( )1 2 17
2

p
neε

ε+≤ ≤ -  ( )
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( ) ( ) ( ) ( ) ( ) ( )11 1 1 1
1 , ; , 2

2 1
np p p pn

n n n n n p

v ve A x v h o h I A x v h II III++ + + +
+

−
= + −

−

$$

, (17) – ,  (III)  (II)  (hp+1)  (I) 
.

:  II:

( ) ( )( )

0 0

1

1 , , , 2
2

n n

n n n n n n n n

v u
x x h

hv v f x v f x h v h f x v p

+

+

=

= +

 = + + + + ⋅ = 

: 1 11 1
13 2 ; 4

32 2 1
n nn n

n
v v v v

eε
ε

+ ++ +
+

− −
≤ ≤ ≈ ⋅ −

−

$ $$ $

: :

1 11 1
15 4 ; 16

152 2 1
n nn n

n
v v v v

eε
ε

+ ++ +
+

− −
≤ ≤ ≈ ⋅

−

$ $$ $

 (12):

: 12p

ε
+ : 1 1

2 1
n n

p

v v
Sε

+ +−
=

−

$$
.     

( )1 10n nx S xε δ δ+ += + > ⇒  - ,  (xn,vn) c  h/2.
( ) ( ) ( )1 1

1 ,I p p
n n ne A x v h o h+ +

+ = +

( ) ( )( ) ( )1 1
1 2

,
pII ph

n n ne A x v o h
+ +

+ = +
( )

( )
( )

( )
11 1

11/ 2
1/ 2

2 2

I I
IIpn n

pnII
n

e ee
e

++ +
++

+

= → − ;  S(I)=ε+δ,  S(II)=(ε+δ)1/2p+1-ε/2p+1+δ/2p+1

⇒ : ( )
1 ,

2
II

p Sε
ε+ < <    1 

.
p- : F(xn, vn, h)-tgβ=0(hp)
q – ,  pi, ki(h).

 p,  q>p!
:  f(x,u) 

,  – .
(18)  2.

αh, α , : 1 1 ,
2 1

n n
p

v v
ε ε

+ +−
≈ ≤

−

$$

 p ⇒  p+1.  p:
 (I) 

 p,  p.
( ) ( )1 1 1 1 1 1 1; 1 ;n n n n n n nE u v u u x x x+ + + + + + += − = − − =

:

v0=u0

u(x1)
e1=E1

v1

v2

e2

E2

u(x2)
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 (1),  f(x,u)  x,u 

[ ] ( ), , ,f x x x T u
u

∂
≤ ∀ ∈ + ∀ ∈ −∞ +∞

∂
.

 (1)  [x0, x0+T] 
 h=T/n, n – . 

0,
max p

ii n
E Mh

=
≤

: 

(1). , , : du x
dx

α=

# 8.2.4 , 
.

 (xn,vn) ;  (xn+1, vn+1) :
$ ( )1 1 1

def

n n ne u x v+ + += −
, .

, ,  p  s, p<s.
( ) ( ) ( ) ( )1 1: , , : , ,n n n n n n n np v v h F x v h s v v h F x v h+ += + ⋅ = + ⋅%

( ) ( ) $ ( ) ( ) ( )
( ) ( ) $ ( ) ( ) ( )

1 1
1 11

1 1
1 1 1

18 : , ;

19 : , ;

p p
n nn n n

s s
n n n n n

p e u x v A x v h o h

s e u x v A x v h o h s p

+ +
+ ++

+ +
+ + +

= − = +

= − = + <

% %

 (18)  (19) $ ( ) $ ( ) ( ) ( )1 1 1 1
11 1 1: p p s s

nn n nu x u x Ah o h v Ah o h v+ + + +
++ + += + + = + +%

( ) ( ) ( ) ( )
( )

( ) ( )
1

1 1 1 1 1 1
1 11 1

.

20 ; 21
s

s s p p s s
n nn n

o h

v v Ah o h A h o h Ah v v o h
+

+ + + + + +
+ ++ +

=

− = + − − = − +% %

 (1) (s)  (p)  s<p,  s
: ( )1

11 1 0 s
nn ne v v h +

++ +≈ − =$

:  4- (2).

( ) ( ) ( ) ( )

11 1

1 1 2 2 4 1

*

2 2 23 ; , , 24
6 2 2

nn n

n n n n n n n n

e v v s
h h hv v k k k k v v hf x v f x v

++ +

+ +

≈ − = −

 = + + + + = + + + 
 

%

%

, 1 1 2n nv v hk+ += +%  (23)  (24) .

( )31
1 2 3 4

2 2 11 0
6 6 6 6n
k

e h k k k h+
  = + − + + =    

.
 p  s ,  ki

:

( ) ( ) % ( ) % ( ) %( )11
1 1

; , 1, ; min ,
q q

i n in n i i i n si p
i i

v v h p k h k h k h i r v v h p k h r q q++
= =

= + = = = + =∑ ∑%

En
En
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⇒
 F.
39. #8.2.5 .

: .
 3- ,  4- 1* ns e +≈

 3- ) –  (3+1)=4.

4 1 *
2 2 p Sε ε

ε+= ≤ ≤ − .

ε , , .
:

1. . 
  , . 

, .
2.

.
 2 :

- ;
- .

 xn, vn – ⇒  xn+1, vn+1
: f(x,u), ,  xn+1, vn+1 ,

 xn, vn .
 xn, vn  (xn-1, vn-1),…,(xn-k, vn-k). 

,  k+1. ,
 x, : 1 1 1 2 1...n n n n n n n k n kx x x x x x x x+ − − − − + −− = − = − = = − .

, 
 – , , 

.
, . 

, 
.

, . 
. .

3. :
,

, .
, 

. , 

 ( ).
   

. )

# 8.3  – .
, , 

.
:

1768

. 

1850

 – .
, . .

1900

. -

. 
1960

. t
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1) , 
.

2) : 
, 

: ( ).
3)  ( , , ).

, . 
, 

.
- : 

, 

.
.

, .

# 8.3.1 
.

( ) ( ) ( )
( ) [ ]

( ) ( ) ( )
( ) [ ]

" ' 4 1 " ' 2
1 0 0 1 0 2 0 1, 1 0

, 0,1 0,1

u xu u x x x
u u

u x x x

ω ω ω

ω ω

ω

 + + = − + + =
 

= = = = 
 ∈ ∈ 

η(x): η(0)=1, η(1)=0   (2) ω(x)=u(x)+η(x)  (3)
 u(x): u(x)=ω(x)-η(x) ⇒ (u”+η”)+x(u’+η’)+(u+η)=2x

( )
( )

( ) ( )
" ' 2 " '

4
0 0, 1 0

u xu u x x

u u

η η η+ + = − + +


= =
, η(x)=1-x.

# 8.3.2 
.

1) 
 – 

.
 L – 

 K  H.
l – , .

( )5
0

Lu f
lu

=
 =

- .

 – , , 

, , 

, .
, L –

. W2
s –  (s – ). nK - ,

,  n ∀ϕ∈ nK  lϕ=0.
:

H

K

nK

,
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1 ,...,  ,nn Kϕ ϕ −  (5) 
: ( )1 1 2 2 ... 6n nv α ϕ α ϕ α ϕ= + + +

αI  (5)  v 
ϕi, i=1,n.
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