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1442443

( )
( )( )0

, 0,
'

n b

i i i a
i i i

x dx
I a f C i n

x x x
ω

ω=

= = =
−∑ ∫%

 – ( )
b

a
I f x dx= ∫

( ) ( )( ) ( ) ( )9
def b b

n na a
I I f x P x dx r x dxψ = − = − =∫ ∫%
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 (21 ).

.
 #10.1 .

:

( )
6,5

0,5
f x dx∫ =?

 2  3
.

( ) ( )( )
( )( )

( )( )
( )( )

( )( )
( )( ) ( )2

2 7 1 7 1 2
5 9 15 *

1 2 1 7 2 1 2 7 7 1 7 2
x x x x x x

P x
− − − − − −

= ⋅ + ⋅ + ⋅
− − − − − −

, .

( ) ( )
6,5 6,5

20,5 0,5
,I f x dx I P x dx I I= = =∫ ∫% %

 [1;6,5],  [0,5;1]

:
def

I Iψ = − %

: ( ) ( ) ( ) ( ) ( ) ( )( )( )2 2 2

'''
, 1 2 7

3!
f

f x P x r x r x x x x
ξ

= + = − − −

( ) ( )min ,1 , max ,7x xξ ∈   

( ) ( )( )( ) ( )
6,5 6,5

20,5 0,5

'''( ) 1 2 7 **
3!

def fI I r x dx x x x dxξ
ψ = − = = − − −∫ ∫%

 (**) .

: ( ) ( )
1

00

1ln 0, 1, ,n if x xdx f x x x x ih h
n

− = = = =∫
f(x) → )→Pn(x)

( ) ( ) ( )0, ( )n i i n nP x f i n f x P x r x= = = +

( ) ( )
1 1

0 0
ln lnn n

I

I P x xdx r x xdx
ψ

= +∫ ∫
%

( ) ( ) ( )
( )( )

( )
( ) ( )

( )

( )
1 1 1

0 0 0
0 0

,

ln
ln ln

' '

n ndef
i

n i
i ii i i i

f x

x f x x xdx
I P x xdx xdx f x

x x x x x x
ω ω

ω ω= =

   
= = =      − −   

∑ ∑∫ ∫ ∫%

144424443

( ) ( )
0

, ***
n

i i i
i

I f x C C
=

= −∑%

.
(***) – 
ln x. ψ.

:  1  2 – 
, , , 

, .

xi 1 2 7
fi 5 9 15

0,5 1 2 6,5

http://www.vmkfree.narod.ru


,    : .                                          2004-2005 .

. www.vmkfree.narod.ru 104

p(x).

( ) ( ) ( ) [ ], ( ) 0 0 ,
b

a
I f x p x dx p x p x x a b= ≤ ≥ ∈∫

 f(x)  Pn(x),  Pn(xi)=fi :
( ) ( )
( )( )0 '

n b

i i i a
i i i

u x x dx
I f C C

w x x x
β

=

= =
−∑ ∫% , .

:
( )1

1 21

f x dx
I

x−
=

−
∫

# 10.3  – .
 (#10.1), 

ρ(x)≡1, 
.

0( ) , , 0,
b

n ia

b aI f x dx h x a x b x a ih i n
n
−

= = = = = + =∫
:  f(x)  Pn(x), :

( )
( )0

( ) , 0, ( ) ( ) , , 0,
( )

ndef b b b

n i i n i i ia a a
i i i

x dx
P x f i n I f x dx I P x dx c f c i n

x x x
ω

ω=

= = = ≈ = = = =
′ −∑∫ ∫ ∫%

:

( ) ( )( )
( ) ( )

( )

( ) ( )

( )

( ) ( )
( )

1

1

2

( ) ( )

( ) ,
1 !

10
1 ! ( ) ,

2 !

Thdef b

na

n b

n ab

na b

a

I I r x dx

f x dx
nf x

x dx
n f x dx

n

ψ

ξ
ω

ξ
ω

ξ
ω

+

+

+

= − = = =


− += = +  − +

∫

∫
∫

∫

%

 (10).
. 

 [0,nh],  [a,b]=[a,a+(b-a)/n*h]   a  0, b
 h. ⇒ :

( )

0

0
0 0

0, , , 0,

.

n i
n nnh

i i i i
i i

x x nh x ih i n

I f x dx c f Ah B fψ ψ
= =

= = = =

= = + = + −∑ ∑∫
:

 n- , 
.

 (k) 
 (l).

:
 l, 

 l, , 
 l+1, , 

.

 n  k  l

 1 3 1

 2 5 3

 3 5 3
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# 10.4 .
: { }

1

0 1 2 0 1 21
( ) 1, 0, 1, 1 , ,I f x dx x x x h f f f f

−
= = − = = = =∫

( ) ( )( )
( )( )

( )( )
( )( )

( ) ( )
( )( ) ( )

2 1

2 0 1 2 1
0

0 1 1 1 1 0
, ...

1 0 1 1 1 1 2 1 i i i
i

x x x x x x
P x f f f I c f c dx

−
=

− − + − + −
= + + = =

− − − − + − ∑ ∫%

: (n=2 – )
( )

( ) ( )( )
( )

( ) ( )

( ) ( ) ( )

2 1 1 2 2

1 1

15 3

1

( )( ) 1 1 1
2 ! 4! 4!

1 1 2
4! 5 3 24 5 3 90

IVn IVb

a
x

IV IV IV

ff fx dx x x x x dx x x dx
n

f f fx x

ω

ξξ
ψ ω ψ

ξ ξ ξ

+

− −

−

= = − + = − =
+

   = − = − = −   
  

∫ ∫ ∫1442443

# 10.5 .  44.
 (    n     , m)

( )
b

a

I f x dx= ∫ $ b ah
m
−

= .

, 0,i
b ax a i i m

m
− = + = 

 

$hh
n

=

 n ( (n))
$ $

i i i
j j jx x jh x h a i h
h n n

 + = + = + = + + 
 

1
1

0
( , ) ( )i

i

m x

x
i

I I CHK n m I f x dx+
−

=

≈ ← = ∑∫%

1

0 0

m n

j i
i j

jI C f
n

−

= =

= + =∑∑% , )
1

0 0

m n

j i
i j

jAhB f
n

−

= =

= +∑∑

, jA B - b ah
n m

−
=

⋅
1

1

0 0
( )i

i

m nx

j ix
i j

jI I f x dx AhB f
n

ψ
+

−

= =

 
≡ − = − + 

 
∑ ∑∫%

 [xi,xi+1]

:
 (n,m)  [xi,xi+1] 

(n)

#10.6 .

: ( )
52

0
( ) (0) 4 (0 ) (2 ) ( )

3 90
h IVh hf x dx f f h f h f ξ= + + + −∫

1
1 1[ , ] 2 [0, 2 ]

2(*)
i i

i i i i
x xx x h x x h hξ+

+ +

−
⇒ = − ⇒ = ∈

( )1
52

10
( ) ( ) (*) ( ) 4 ( ) ( 2 ) ( ), [ , ]

3 90
i

i

x h IV
i i i i i ix

h hf x dx f x S dS f x f x h f x h f x xξ ξ
+

+= + = = + + + + − ∈∫ ∫
 (n=2,m):

a=x0 x1 x2 … xn-1 xm=b

n
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(**) ( ) ( )1
1 1

1 1 1 1 1 1
0 0 2 2 2

( ) ( ) , , ,
3

i

i

m mb x

i i i i i ia x i i ii i

hf x dx f x dx f f f f f x f f x f f x+
− −

+ + +
+ + += =

   
= ≈ + + = = =   

   
∑ ∑∫ ∫

 (**):

( )
51

1
0 2

, [ , ]
90 2

m
IV

i i i i
i n

h b a b aI I f x x h
m n m

ψ ξ ξ
−

+
= =

  − −
≡ − = − ∈ = =  ⋅ 

∑%

: ( ) [ , ]IVf x M x a b≤ ∈ ε>0, 

 m , 
( )5

4

2880
b a M

m
ε

−
≥

: 
( ) ( )5 555

4 4[ , ]

1 1max ( ) ( ) 0
90 2 90 32 90 2880

IV

x a b m

b a M b a Mh b af x M M m M m
m m m

ψ
∈ →∞

− −− = ⇒ ≤ ⋅ = ⋅ = = →  ⋅ 

( ) ( )5 5
4

4, .
28802880

b a M b a M
m

m
ψ ε ε ψ ε

ε
− −

⇒ < < ≥ ⇒ ≤

:
1) :

(2,m), , 
 [xi,xi+1] 

,  3
: fi, fi+1/2, fi+1

2) ( ) [ , ]IVf x M x a b≤ ∈ , 
I 

(2,m) 
, 

.
3)  4- , 

, 
.

4) ,  24=16 .
 – :

-  (4- ) 
,  2,  16.

- 2 –  2  –  4
.

#10.7 .
1) , ,

 2 :
a.  [a,b] , 

, , 
. (n)

 n ( ).

 a=x0 x1/2 x1  x3/2 x2 … xm-1  xm=b

f0

f1/2

f1 f3/2
f2

fm-1 fm-1/2
fm
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b. ,  n+1 ,   
,  2n+1. 

.  (10.1) 
, 

x0,…,xn € ( )nP x , ,
 [a,b]. ( ) 

, 
.

2)  [xi,xi+1], .
 f(x)  [xi,xi+1]  4 , 

.
 [a,b] .

, ) «4  MatLab») ( )

#11 
.

 #: 
.

, , 
.

[
( )
( )

1 2 1 1 2

1 2 2 1 2

(1) , , [0,1], [0, ]
. ,0 ( )

(0, ) (0, ) ( ), 0
(1, ) (1, ) ( ), 0

t xx

x

x

U U f x t x t T
U x x

U t U t t
U t U t t

ϕ

α α µ α α
β β µ β β




= + ∈ ∈ =
 ′+ = + ≠  ′ + = ≥ + ≠ 

 U(x,t)=?

(1) – ,  t∈[0,∞] 
t∈[0,T] .

 (1):
U(x,t) – 

 x  t.
ϕ(x) – .

µ1,µ2 αi, βi , i=1,2 
.

f(x,t) – .
 (1) , 

.
:

0
1 , , 0, 0 1 , 0,i n j

Th x ih i n x x t j j m
n m

τ τ= = = = = = = =

( , )ij i jU U x t= -  (1) 

ijV - .

U(x,t)

0 1
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1 1 1
2

0

1 0
1 0 2 1

1
1 2 2

2
( , )

( )
(2)

( )

( )

ij ij i j ij i j
i j

i i

j j
j j

nj n j
nj j

V V V V V
f x t

h
V x

V V
V t

h
V V

V t
h

τ
ϕ

α α µ

β β µ

+ + −

−

− − +
− =


=


−

+ =


−
+ =

# 11.1 .
45

: 0
1 , , 0, 0 1 , 0,i n j

Th x ih i n x x t j j m
n m

τ τ= = = = = = = =

1 1 1
2

0

1 0
1 0 2 1

1
1 2 2

2(2 1) ( , ), 1, 1, 0,

( )
(2 2)
(2 3) ( ) 1,

( )(2 4)

ij ij i j ij i j
i j

i i

j j
j j

nj n j
nj j

V V V V V
f x t i n j m

h
V x

V V
V t j m

h
V V

V t
h

τ
ϕ

α α µ

β β µ

+ + −

−

− − +− − = = − =


=− 
−− + = =


−

+ =− 

ij ijU V  t=tj

.
 (1)  (2).

V31- 
x=x3  t1.
⊗ - , 

 V 
.

⊗ ×
× ⊗

- 

.

, . 
: , 1 0, 1i i n j m= − = −

.
0 , 0, ,i iV i nϕ= =  (2*-2) .

 j=(0,m-1) :
1 1

1 2

2
, 1, 1 (2* 1)i j ij i j

ij ij ij

V V V
V f V i n

h
τ+ −

+

− + 
= + + = − − 

 
 (2-3)  (2-4):

 0  x1 x2 x3 x5 1

t6

t5

t4

t3

t2

t1

i-1j ij i+1j

ij+1

h  h
τ

 0  x1 x2 x3 x5 1

t6

t5

t4

t3

t2

t1

i-1j ij i+1j

ij+1

h  h
τ
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2 2
1 1 2 1

0
2 2

1 1

( ) ( )
(2* 3) (2* 4)

j j j n j

j nj

t V t V
n hV V

h n

α β
µ µ

α β
α β

−
   − +   
   = − = −

− +

.

# 11.2 .

1 2

( , )
( ,0) ( )

(1*)
(0, ) ( ) (1, ) ( )

[0,1], [0, ]

t xxU U f x t
U x x
U t t U t t
x t T

ϕ
µ µ

= +
 =
 = =
 ∈ ∈

: 0
1 , , 0, 0 1 , 0,i n j

Th x ih i n x x t j j m
n m

τ τ= = = = = = = =

( )
0

0 1 2

( ) , 1, 1, 0, 1

(3) , 0, 1

, , 1,

t ij ijx x ij

i i

j j nj j

V V f i n j m

V i n

V V j m

ϕ

µ µ

 − = = − = −

 = = −
 = = =

 (3)  (1*)

# 11.3 , 

.

1. : 1
1

n
nR −

+

V=(0,V1,V2,…,Vn-1,0)∈ 1
1

n
nR −

+  n+1 ,  1 
 – . ,

.

 2. 1-
:

1 1
2

0

1[0,1], , , 0,

2
, 1, 1 (4)

0, 0

i

i i i
i

n

x x ih h i n
n

V V V
V i n

h
V V

λ+ −

 ∈ = = =


− +− = = −


= =


( )
0

(4*)
0

ix x i

n

V V

V V

λ− =


= =

,  (4) – .
:

 1:
( ) ( ) ( )
( )

1
1

2
2

sin( ) sin , 0,

4 , 1, 1
2

k kn
n i i

k

V kx R V kx i n

ksin k n
nh

π π

π

−
+= ∈ ⇒ = =

 = = − 
 

D

⇒  (4)  n-1 , 
.

 2:
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 (4) .
( ) ( )( ) ( ) ( )

0
, 0, , 1, 1,

ndef Th
l k l k

i i
i

V V V V k l n k l
=

= = = − ≠∑
:

( )
1 1

1 ( )
1

1 1
! , . . sin

n n
n k
n k i k i

k k
V R V a V V a kxπ

− −
−
+

= =

∈ ∃ = =∑ ∑
 (4)  – 

.
( )

(0) (1) 0
[0,1]

U x U
U U
x

λ′′− =
 = =
 ∈

:
 (5): ( ) ( ) ( )2 ( ) sin( ), 1, 2,3,...k kk U x kx kλ π π= = =

 (4) ,  (5) – .

3. x xV 1
1

n
nR −

+ .
1
1 .n

nV R −
+∈ ω :

( ) ( )
0

1 1
2

0, 0
6 2

, 1, 1

n

def
i i i

i xx i

V V V
V i n

h

ω ω

ω + −

= =


− +
= − = − ∀ = −

, 1
1

n
nV R −

+∈ 1
1

n
nRω −

+∈
 (6).

:
( ) ( )( ) ( ) ( )

1 1
1
1

1 1

8
n n

k k kn
n k k

k k

V R V a V a Vω λ
− −

−
+

= =

∈ = ⇒ =∑ ∑

:

( ) ( ) ( )

( ) ( ) ( )
( ) ( )

1 1 1
1 1

1 12 2
1 1 1

k1 1
i+1 1

2
1 1

2 1 2

V 2
(7) 1, 1

n n n
k k ki i i

i k i k i k i
k k k

k kn n
k ki i

k k i
k k

V V V a V a V a V
h n

V V
a a V i n

h

ω

λ

− − −
+ −

− −
= = =

− −
−

= =

− +  = = − − + = 
 

 − +
− = ∀ = −  

 

∑ ∑ ∑

∑ ∑
ω0=ωn=0 ⇒ .

4. . ,

. (  0- ).
0

(0, ) (1, ) 0
( ,0) sin( ), [0,1], [0, ]

t xxU U
U t U t
U x kx x t Tπ

− =
 = =
 = ∈ ∈

( ) ( )
2

( , ) sink tU x t e kxπ π−=

:
1) :

( )[0,1]
[0,1] lim ( , ) 0 lim max ( , ) 0

t t x
x U x t U x t

→∞ →∞ ∈
∀ ∈ = =

.
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:  (1**) 
. ,  (U), 

. 
, .

# 11.4 .
 (1**):

( )

1 1 1
2

0

0

2
0, 1, 1, 0,

0 1,

sin , 0,

ij ij i j ij i j

j nj

i i

V V V V V
i n j m

h
V V j m

V kx i n

τ

π

+ + −− − +
− = = − =

 = = =


= =


:
( )1

0 1 1

, 1, 1
(10)

0, 0

ij ij x x ij

j nj

V V V i n

V V

τ+

+ +

 = + = −


= =
 j+1

: { }1 1
0 0 0 1 1{ } 0, ; , 0,n n

i n j ij j nV V i n V R V V i n V R− −
+ += = ∈ = = ∈

( )x xV− jV jω

( ) ( ) ( )
1

0

11
sin

j j j

k

V V

V V kx

τω

π

+
 = −


= =
( ) ( ) ( )( )

( ) ( )( ) ( )

10 0 0 0 0

2 1 1 1

1

1 12

k k k

k k
j j

V V V V V

V V V V V

ω λ λ λ

λ τ λ τ+

= − ⇒ = + = +

= + ⇒ = +

,  j→∞, 
, ( )1, 1 1 1kk n τλ∀ = − + <

:
 (9)  (1**) , 

 (n,m), : ( )1, 1 1 1kk n τλ∀ = − + <   (13).

46.
.

:
 (9)  (1**)  0  j→+∞

1 lim 0j j jj
V V V+ →∞

≤ = , ( )1 1kλ τ+ < ,  k∈{1,n-1}

:
:

( ) ( )( ) ( )

( ) ( ) ( )

1 1

1 1
,

,

n n
k k k

k k
k k

k k k

V a V a V

V V V

ω λ

ω λ

− −

= =

= =

= =

∑ ∑

, ,  (13)
:
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,  (1*)  (n,m)
2

2
h

τ <

:
 (1*)  (n,m) ∀k

(13).
: -2<-λ(k)<0            0<λkτ<2

τ>0 – , ( ) 2
2

4 sin 0, 1, 1
2

k k k n
nh

π
λ = > = −

, , 1, 1k n∀ = −
2 2

2
2

2

4 sin 2 (14*) (14)
2 22sin

2

k h h
knh
n

π
τ τ τ

π
  ⋅ < ⇒ < ⇒ <    

 
 

- 
.

: h=10-2 ⇒ τ<10-4/2=0,5*10-4

-  (14*)  (14) ,  x 

 n  , 
( )2 1

sin 1
2
n
n

π −
≈ .

 #11  (3)  (1*)  (9) 
 (9) 

 (1**)

 (1**)  (9).

:
1.

 (14) 
(9).

2. ,  (14*)

 (1*) 
, 

 sin(πkx), 
( )1 1 ( , )k

j
j

V x tλ τ
→∞

− ≥ ⇒ → ∞%

# 12 

.
 (1*)  #11:

( , )

0
j

j

V x t

t >

V(x,tj) j→+∞
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1 2

( , )
( ,0) ( )

(1*)
(0, ) ( ) (1, ) ( )

[0,1], [0, ]

t xxU U f x t
U x x
U t t U t t
x t T

ϕ
µ µ

= +
 =
 = =
 ∈ ∈

: 0
1 , , 0, 0 1 , 0,i n j

Th x ih i n x x t j j m
n m

τ τ= = = = = = = =

1 1 1 1 1 1
2

1

0

0 1 2

2
( , )

, 1, 1, 0, 1(15)

, 0,

, , 1,

ij ij i j ij i j
i j

def

ij ij

i i

j j nj j

V V V V V
f x t

h

f i n j m

V i n

V V j m

τ

ϕ

µ µ

+ + + + − +

+

− − +
− =


 = Φ = − = −


= =
 = = =

:  (15) , 0-  –
. 

, .
 j+1 ,  j- :

( )

0 1 1 1 1 2 1

1 1 1 1 1 12 2

1 116

j j nj j

ij
i j ij i j ij

V V

V
V AV V f

h h

µ µ

τ

+ + + +

− + + + + +

= =

− + − = +

 (1*)  (15)  (1**)
,  (15) ⇒

 (15).
 (15)  h τ. (

)
 ½.

 h τ
, .

( ) ( )

1 1 1 1 1 1 1 1
2 2

1/ 2

0

0 1 2 1/ 2

2 21 1
2 2

, , 1, 1, 0, 117
, 0,

, , 0,

ij ij i j ij i j i j ij i j

i j

i i

def

j j nj j ij ij

V V V V V V V V
h h

f x t i n j m

V i n

V V j m f

τ

ϕ

µ µ

+ + − + + + − +

+

+

− − + − +
− − =


= = − = −

 = =

 = = = = Φ
 (17) .

: 0 , 0,i iV i nϕ= =  j+1 
j- ,  3- .

( )

0 1 1 1 1 2 1

1 1 1 1 1 1/ 2 1 12 2 2 2 2 2

1 1 1 1 1 1 1 1 18
2 2 2 2

j j nj j

i j ij i j ij ij i j i j

V V

V V V f V V V
h h h h h h

µ µ

τ τ

+ + + +

− + + + + + − +

= =

   − + + − = + − + +   
   

- .
 #11.

 #11-12:
 (  (1)  (1*)). 

i-1,j+1 i,j+1 i+1,j+1

 h  h
τ

ij
-1/n2 A 1/n2

-1/τ
A=2/h2+1/τ

 i-1j+1 h ij+1 h i+1,j+1

 i-1j  ij  i+1,j

ij+1/2 τ

 -1/2h2  1/τ+1/h2  -1/2h2

 -1/2h2  1/h2-1/τ  -1/2h2
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 (  (17)) ∀h τ  2-
τ  h.

  , : ( ) 2, ...t xxU U f x t U= + +
 2 , 

: n+1, 
, 

.
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